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^jQ, 1. Introduction 

^ . In this paper we consider the rational quantized Knizhnik-Zamolodchikov (qKZ) equation associated 

' with the Lie algebra 5(2 and solve it. The rational qKZ equation associated with 5(2 is a system 

QQ . of difference equations for a function ^'(zi, . . . , Zn) with values in a tensor product Vi . . . y„ of 

psj ' s[2-modules. The system of equations has the form 

'sj" ■ ^'(21, . . . +p, . . . ,Z„) = i?„i,,„-l(Zm - +p) .. ■R„i,l{Zm - Zi +p)k~""^ X 

> ; 

, ^ Rm^n (^m ~^ ^n) • ■ • Rm.m-^-l i^^m ~^ ^m + l ) ^ (^1 1 • ■ ■ i -^n) 5 

' m = 1, ... ,71, where p and k are parameters of the qKZ equation, H is a generator of the Cartan 

, subalgebra of 5(2 , Hm is H acting in the m-th factor, Ri^mix) is the rational i?-matrix RviVmi^) G 

' End(V; (g) Vm) acting in the ^-th and m-th factors of the tensor product of s^-modules. In this paper 

Q>^ , we consider only the negative steps p . The case of other values of the step can be treated by analytic 

continuation. 

. The qKZ equation is an important system of difference equations. The qKZ equations had been 

^ ' introduced in [FR] as equations for matrix elements of vertex operators of the quantum afline algebra. 

An important special case of the qKZ equation had been introduced earlier in [S] as equations for form 
factors in integrable quantum field theory; relevant solutions for these equations had been given therein. 
Later, the qKZ equations were derived as equations for correlation functions in lattice integrable models, 
' cf. [JM] and references therein. 

^ , In the quasiclassical limit the qKZ equation turns into the differential Knizhnik-Zamolodchikov equa- 

- - ' tion for conformal blocks of the Wess-Zumino-Witten model of conformal field theory on the sphere. 

Asymptotic solutions to the qKZ equation as p tends to zero are closely related to diagonalization of 
the transfer-matrix of the corresponding lattice integrable model by the algebraic Bethe ansatz method 
[TV2]. 

We describe the space of solutions to the qKZ equation in terms of representation theory. Namely, we 
consider the quantum group Uq{5\.2) with q = e"'^^P and the J7g(s[2)-modules , . . . where is 
the deformation of the s[2-module Vm ■ For every permutation r S S" we consider the tensor product 
¥4?^ (g) . . . (g) V4?^ and establish a natural isomorphism of the space S of solutions to the qKZ equation 
with values in Vi (g . . . (g and the space V41[ (g . . . (g V4?^ (g F , where F is the space of functions of zi , 
. . . , z„ which are p-periodic with respect to each of the variables, 

Cr : . . . (E) <g F ^ §. 

Notice that if ^'(z) is a solution to the qKZ equation and F{z) is a p-periodic function, then also 
F(z)'^{z) is a solution to the qKZ equation. 



> 
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We call the isomorphisms Cr the tensor coordinates on the space of solutions. The compositions of 
the isomorphisms are linear maps 

Cr,r'{zi, . . . ,Zn) -V^,® . . .®V^^ ^ V?^® . . .®Vl 

depending on z\,. . . ,Zn and p-periodic with respect to all variables. We call these compositions the 

transition functions. It turns out that the transition functions are defined in terms of the trigonometric 
i?-matrices R'y^y^{Q G End(VJ' ® V^) acting in tensor products of i7g(s[2)-modules. Namely, for any 
permutation r and for any transposition (m, rn + 1) the transition function 

Cr,r.(m,m+l){zu . . . , : K> . . . ® ^l+i ® V^^ ® . . . ® ^ ® . . . ® 

equals the operator P.,, i?' , (exp(27ri(2;i- , ^ — Zt^I-p)) acting in the m-th and (m + l)-th 

factors, here Py^y^ is the transposition of the tensor factors; cf. Theorem 4.22. 

We consider asymptotic zones Re Zt-^ <C . . . <C Re z^^ labelled by permutations r G S" . For every 
asymptotic zone we define a basis of asymptotic solutions to the qKZ equation. We show that for 
every permutation r the basis of the corresponding asymptotic solutions is the image of the standard 
monomial basis in ® . . .®V^ under the map 

® • • • ® ^ ® • • • ® Kl ® 1 ^ (g) . . . ® K« ® F ^ § , 

cf. Theorem 6.4. The last two statements express the transition functions between the asymptotic 

solutions via the trigonometric i?-matrices. 

The rational ii-matrix Ry^y^(x) G End(V( ® Vm) is defined in terms of the action of the Yangian 
F(0[2) in the tensor product of s[2-modules. The Yangian y{<Q^2) is a Hopf algebra which contains 
the universal enveloping algebra IJ{b{-2) as a Hopf subalgebra and has a family of homomorphisms 
^(0^2) ~^ Uisi'i) depending on a parameter. Therefore, each s^-module Vm carries a y(fll2)-module 
structure Vmix) depending on a parameter. For irreducible s[2-modules Vi, Vm the Yangian modules 
Vi(x) (g) Vm{y) and Vmiy) ® Vix) are irreducible and isomorphic for generic x, y . The map 

is the unique suitably normalized intertwiner [T], [Dl]. 

Similarly, the trigonometric _R-matrix Ryy (C) G End(V^'' (g) V^) is defined in terms of the action of 
the quantum loop algebra C/g(0l2) i'^ the tensor product of C/g(st2)-niodules. The quantum loop algebra 
^9(0^2) contains Uq{sl2) as a Hopf subalgebra and has a family of homomorphisms Ug{Ql2) Uq{sl2) 
depending on a parameter. Therefore, each ?7g(s[2)-module has a C/q(g[2)-module structure V^(C) 
depending on a parameter. For irreducible {/^(sb)- modules VJ, Vm the C/q(0[2)-modules ^'(O'^Kn(C) 
and V^(C) ® ^I'iO are irreducible and isomorphic for generic . The map 

is the unique suitably normalized intertwiner [T] , [CP] . 

Our result on the transition functions between asymptotic solutions together with the indicated con- 
struction of _R-matrices shows that the qKZ equation establishes a connection between representation 
theories of the Yangian 1^(012) and the quantum loop algebra C/^(0t2) • Our result is analogous to the 
Kohno-Drinfeld theorem on the monodromy group of the differential Knizhnik-Zamolodchikov equation 
[K], [D2]. 

The differential Knizhnik-Zamolodchikov equation {KZ equation) with values in a tensor product of 
sl2-modules V = Vi ^ . . .^Vn is a system of differential equations for a valued function y^{zi, . . . , 
Zn) and has the form 

d^= -Y.-^^d{zi-Zm) 
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where p is a parameter of the equation, fi;™ € End(V; (X" Vm) is the Casimir operator. The KZ equation 
defines an integrable connection over the complement in C" to the union of the diagonal hyperplanes. 
The fundamental group of the complement is the pure braid group P„ . The monodromy group of the 
equation is the representation P„ End(y) defined by analytic continuation of solutions over loops. 
The Kohno-Drinfeld theorem says that this representation is isomorphic to the i?-matrix representation 
of P„ in the tensor product of ?7q(sl2)-modules = V-^ . . . , q = e^'^lv , where the i?-matrix 
representation is defined as follows. Let -Ry^^/ ^^vA{y^®V^ be the action of the universal i?,-matrix of 
the quantum group Vqisii) in the tensor product of C/q(sl2)-modules. Then the i?-matrix representation 
of P„ in is defined by elementary transformations 

The Kohno-Drinfeld theorem establishes a connection between representation theories of a Lie algebra 
and the corresponding quantum group, see [D2] . Using the ideas of the Kohno-Drinfeld result it was 
proved in [KL] that the category of representations of a quantum group is equivalent to a suitably defined 
fusion category of representations of the corresponding affine Lie algebra. Similarly to the Kazhdan- 
Lusztig theorem one could expect that our result for the difference qKZ equation could be a base for a 
Kazhdan-Lusztig type result connecting certain categories of representations of Yangians and quantum 
affine algebras, cf. [KS]. 

In this paper we consider the rational qKZ equation. There are other types of the qKZ equation: the 
trigonometric qKZ equation [FR] and the elliptic qKZB equation [F]. Here KZB stands for Knizhnik- 
Zamolodchikov-Bernard, and the difference qKZB equation is a discretization of the differential KZB 
equation for conformal blocks on the torus. 

The trigonometric qKZ equation with values in a tensor product of l7g(s[2)-modules = . . .(^ 
is a system of difference equations for a ^'-valued function ^'(^i, . . . , Zn) and has the form 

'^{Zl, . . . ,pZm, ■ ■ ■ ,Zn) = Rla,m-l{pZm/Zm-l) ■ ■ ■R'in,i{pZm/zi)K~"'^ X 
^ R'rn,ni^m/ Zn) ■ ■ ■ Rm,m+li^"i/ Zm+l) ^(^1, . . . , Zn) , 

m = 1 . . . . , n , where p and k are parameters of the qKZ equation, is a generator of the Cartan 
subalgebra of [/^(sb), Hm is H acting in the m-th factor, Ri,m{x) is the trigonometric i?-matrix 
Rygyg (x) e End(V^*(g) V^) acting in the Z-th and m-th factors of the tensor product of J7q(s[2)-modules. 
In the next paper [TVS] we will describe for the trigonometric qKZ equation the analogues of the above 
results for the rational qKZ equation. Namely, we will describe the space of solutions to the trigonometric 
qKZ equation in terms of modules of the elliptic quantum group associated with the Lie algebra s[2 [F], 
[FV] and will get the transition functions between asymptotic solutions in the same way as we did for the 
rational case. This result for the trigonometric qKZ equation gives a connection between representation 
theories of the quantum loop algebra Ug{Ql2) and the elliptic quantum group associated with sl2 ■ 

In the papers [FTVl] , [FTV2] we will describe solutions to the elliptic difference qKZB equation. The 
construction of solutions for the elliptic qKZB equation is similar to the construction of solutions to the 
rational qKZ equation described in this paper and to the solutions of the trigonometric qKZ in [M] , [R] , 
[V3], [TVl]. Nevertheless, we do not know yet how to define asymptotic solutions for the elliptic qKZB 
equation and what could be an elliptic analogue of our result on transition functions. 

There are three different proofs for the Kohno-Drinfeld theorem. Roughly speaking, they are analytic 
[K], algebraic [D2], and geometric [SV2], [V2]. In the initial proof [K], Kohno expands a monodromy 
operator as a series of iterated integrals and studies such expansions. Drinfeld in [D2] formalizes algebraic 
properties of transition functions between asymptotic solutions and proves that the monodromy group 
could be nothing else but the i?-matrix representation. 

The leading idea of the geometric proof [SV2], [V2], [V4] was the principle that the monodromy of 
a differential equation could be computed only if the differential equation is the equation of the Gauss- 
Manin connection. The Gauss-Manin connection is a connection associated with a locally trivial bundle 
of algebraic manifolds with a local system on the space of the bundle. One considers the associated 
holomorphic vector bundle which fiber is the homology group of the fiber of the initial locally trivial 
bundle. Then the vector bundle has a canonical connection called the Gauss-Manin connection. Having 
a trivialization of the vector bundle one realises the connection as a system of differential equations. 
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Its solutions arc parametrized by clcincints of the; homology group of the fiber. The monodromy group 
of that differential equation is the monodromy group of cycles of the fiber of the initial locally trivial 
bundle under continuous deformations over loops in the base. The description of the monodromy group 
of cycles is a geometric problem which is easier than studying analytic continuation of solutions of an 
abstract differential equation. In order to apply this idea to the proof of the Kohno-Drinfeld theorem the 
differential KZ equation was solved explicitly in terms of multidimentional hypergeometric integrals and 
solutions were represented as integrals of closed differential forms over cycles depending on parameters, 
then the space of cycles was identified with a tensor product of C/g(sl2)-modules and the monodromy of 
cycles was computed in term of i?-matrices. 

In this paper, in order to establish a connection between representation theories of Yangians and 
quantum loop algebras we quantize the geometric picture for the KZ equation. First we solve the qKZ 
equation in terms of suitable multidimensional hypergeometric integrals of Mellin-Barnes type. We define 
a discrete analogue of a locally trivial bundle and a local system on the space of bundle. We define a 
discrete analogue of the Gauss-Manin connection for the discrete locally trivial bundle with a discrete 
local system and consider the corresponding difference equation. We identify that difference equation 
with the difference qKZ equation. To realize this idea wc introduce a suitable discrete de Rham complex 
and its cohomology group in the spirit of [A], then we define the homology group as the dual space 
to the cohomology group and construct a family of discrete cycles, elements of the discrete homology 
group, using ideas of [S]. We construct the space of discrete cycles as a certain space of functions. 
Having a representative of a discrete cohomology class (a function) and a discrete cycle (a function 
again) we define the pairing (the hypergeometric pairing) between the cohomology class and the cycle 
as an integral of their product with a certain fixed "hypergeometric phase function" over a certain fixed 
contour of the middle dimension. We show that there are enough discrete cycles and they form the space 
dual to the quotient space of the space of our discrete closed forms modulo discrete coboundaries. To 
prove this we compiite the determinant of the period matrix and surprisingly get an explicit formula 
(5.14) for the determinant analogous to the determinant formulae for the "continuous" hypergeometric 
functions [VI] , cf . the Loeser determinant formula for the Probenius transformation [L] . The form of our 
discrete cycles suggests a natural identification of the space of our discrete cycles with a tensor product 
of J7g(sl2)-modules and this identification allows us to prove the result on transition functions between 
asymptotic solutions. 

As we know the qKZ equation turns into the differential KZ equation under the quasiclassical limit. 

We show that our discretization of geometry under the quasiclassical limit turns into the geometry of the 
differential KZ equation: representatives of our discrete cohomology classes turn into closed differential 
forms, our discrete cycles turn into "honest" topological cycles. 

Note in conclusion, that our solutions to the qKZ equation in the special case considered in [S] are 

close to the solutions constructed therein, but different. It is also worth mentioning that our description 
of transition functions indicates quantum loop algebra symmetries in the model of quantum field theory 
considered in [S]. 

The paper is organized as follows. Sections 2-7 contain constructions and statements. In Section 8 

we consider the special case of one-dimensional hypergeometric functions of the Mellin-Barnes type to 
illustrate ideas and proofs. Section 9 contains proofs in the multidimensional case. 

Parts of this work had been written when the authors visited the University of Tokyo, the Kyoto 
University, the University Paris VI, Ecole Normale Superieure de Lyon, the MSRI at Berkeley. The 
authors thank those institutions for hospitality. The authors thank G.Pelder, P.Etingof and E.Mukhin 

for valuable discussions. 

2. Discrete fiat connections and local systems 

Discrete flat connections 

Consider a complex vector space C" called the base space. Fix a nonzero complex number p called 
the step. The lattice Z" acts on the base space by translations z+pl where / e Z" c C" . Let B 

be an invariant subset of the base space. Say that there is a bundle with a discrete connection over B if 
for any ^ G B there are a vector space V{z) and linear isomorphisms 

Am{zi,...,Z„) : V{zi,...,Zm + P,---,Zn) ^ V {zi, . . . , Zn) , m = 1, . . . , n . 
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The connection is called flat (or integrable) if the isomorphisms Ai,. . . ,An commute: 

(2.1) Ai{zi,...,Zn)Am{zi,...,Zl+p,...,Zn) = Am{z\, . . . , Zn) Ai{zi, . . . , Zm + P, ■ ■ ■ , Zn) ■ 

Say that a discrete suhhundle in B is given if a subspace in every fiber is distinguished and the family 
of subspaces is invariant with respect to the connection. 

A section s : z ^ s{z) is called periodic (or horizontal) if its values are invariant with respect to the 

connection: 

(2.2) Am{Zi,...,Zn)s{zi,...,Zm + P-,---,Zn) = s{zi, . . . , Zn) , 171 = 1, . . . ,n . 

A function f{zi, . . . ,Zn) on the base space is called a quasiconstant if 

f{zi,...,Zm+P,---,Zn) = f{zi,...,Zn), TTl = 1, . . . ,71 . 

Periodic sections form a module over the ring of quasiconstants. 

The dual bundle with the dual connection has fiber V*{z) and isomorphisms 

A^{zi, . . . , Zn) ■■ V*{zi, . . . , Zn) ^ V* {zi, . . . , Zm + P, ■ ■ ■ , Zn) ■ 

Let si, . . . , sjv be a basis of sections of the initial bundle. Then the isomorphisms A^ of the connection 
are given by matrices A^™) : 

JV 

■'^Tnizi, ■ ■ ■ , Zn) Sk{zi, . . . , Zjn Pj ■ • ■ J Zn) = ^ ] A^^ (^Zi, . . . , Z„) Sl{zi, . . . , Z„) . 

1=1 

For any section tjj : z 'tp{z) of the dual bundle, denote by ^ : z ^{z) its coordinate vector, '^kiz) = 
{tp{z),Sk{z)) . 

The section tp is periodic if and only if its coordinate vector satisfies the system of difference equations 

*(zi,...,z„ + p,...,z„) = A(")(zi, . . . ,z„)^'(zi, . . . ,z„) , m = l,...,n. 

Moreover, all solutions to the system have this form. This system of difference equations is called the 
periodic section equation. 

Say that functions (^i , . . . , (p„ in variables zi,. . . ,Zn form a system of connection coefficients if 

ipi{zi, . . . , Zm + P, ■ ■ ■ , Z„) ipmizi, ■ ■ ■ , Z„) = (pm{zi, . . . , Zl + p, . . . , Zn) ipi{zi, . . . , Zn) 

for all Z,TO. These functions define a connection on the trivial complex onc-dimcnsional vector bundle. 

There is a simple construction of connection coefficients. Fix arbitrary functions (pim , I < m, in one 
variable and nonzero complex numbers Km ■ Set 

iPm{zi,...,Zn) = K,m[ ]J <l)lm{zi - Zm - p) J| 4>ml{Zm - Zl) . 

1 ^ / < m rn<l^n 

The system of connection coefficients of this form is called decomposable, the functions are called 
primitive factors and called scaling parameters. 

A function ^{zi, . . . ,Zn) is called a phase function of a system of connection coefficients if 

^{zi,...,Zm + P,---,z„) = ipmizi,...,z„)^{zi,...,z„), m = 1, . . . , n . 

Similarly, a function ^{x) is called a phase function of a function (/)(x) in one variable if ^{x + p) = 
(j){x)^{x) . Note that the phase functions are not unique. 

If the connection coefficients are decomposable, if are phase functions of primitive factors, and 
if Km are phase functions of scaling parameters, then 



^{zi,...,Zn) = ]^ ^m(-Zm) ]^ ^^/m (^J - -Z^) 



m=l 
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is a phase function of the system of connection coefficients. 

For any function f{zi, . . . , Zn) define new functions Qif, ■ . ■ , Qnf and -Di/, . . . , Dnf by 

{Qmf){zi,...,Zn) = (pm{zi,-..,Zn)f{zi,...,Zm+P,---,Zn), 

and 

Dmf = Qmf-f- 

The functions -Di/, . . . , Dnf are the discrete partial derivatives of the function / . We have DiDmf = 

DmDlf . 

Let F be a vector space of functions of zi,. . . ,Zn such that the operators Qi, . . . , Qn induce hnear 
isomorphisms of F : 

:F ^ F. 

Say that the space F and the connection coefficients Lpi, . . . ,Lpn form a one-dimensional discrete local 
system on C". F is called the functional space of the local system. 

Define the de Rham complex (f2*(F),£)) of the local system in a standard way. Namely, set 

0« = {a;= J2 fkr,...,kaDzk,A...ADzk,} 

ki ,...,ka. 

where -Dzi, . . . , Dzn arc formal symbols and the coefficients fki belong to F . Define the differential 

n 

of a function by Df = ^ D^f Dzm , and the differential of a form by 

m=l 

Du = J2 Dfk^^...,kaADzk^A...ADzk^. 

ki ,....ka 

The cohomology groups H^, . . . of this complex are called the cohomology groups of with 
coefficients in the discrete local system. In particular, the top cohomology group is = F/DF where 

n 

DF = ^ -D^F. The dual spaces Ha = {H")* are called the homology groups. 

m—l 

There is a geometric construction of bundles with discrete flat connections. This is a discrete version 
of the Gauss-Manin connection construction. 

Let TT : C^"*"" C" be an afhne projection onto the base with fiber C^. C^"*"" will be called the total 
space. Let Zi,. . . ,Zn be coordinates on the base, ti, . . . ,ti coordinates on the fiber, so that ti, . . . ,tc, 
z\, . . . ,Zn are coordinates on the total space. When it is convenient, we will denote the coordinates zi, 
. . . ,Zn by te^i, . . . , ti+n ■ 

Let F , (fii, . . . , <fe+n be a local system on C^"*"". For a point z € C" define a local system F{z) , 
fai'', z) , a = 1, on the fiber over z . Set 

Itt (z) Itt (z) 

The dc Rham complex, cohomology and homology groups of the fiber are denoted by (fl' {z), D{z)) , 
i?" (z) and Ha (z) , respectively. 

There is a natural homomorphism of the de Rham complexes 

(f2-(C^+",F),i?) ^ {n'{z),D{z)), Lu ^ cu\,-^^,) , 

where the restriction of a form is defined in a standard way: all symbols Dzi , . . . , Dzn are replaced by 
zero and all coefficients of the remaining monomials Dtk^ A ... A Dtk^ are restricted to the fiber. 
For a fixed a the vector spaces H°'{z) form a bundle with a discrete flat connection. The linear maps 

Am{zi, ...^Zn) : H°'{zi, ...,Zm+P,---,Zn) ^ H°'{zi, . . . , Z„) 

are defined as follows. Define Q„ : f]'^(C^+",F) ^ f7'^(C^+",F) by 

1-^ E Qmfki,...,kaDzkiA...ADzk^. 

fel,...,fca 
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Then induces a homomorphism of the de Rham complexes 

{fl'{zi,...,Zm + P,---, Zn), D{zi, . . . , Zm + P, ■ ■ ■ , Zn)) ^ {^'{zi, Zn), D{zi, Zn)) ■ 

We set Am{zi, . . . ,Zn) to be equal to the induced map of the cohomology spaces. This connection is 
called the discrete Gauss-Manin connection. 

The Gauss-Manin connection on the cohomological bundle induces the dual flat connection on the 
homological bundle: 

^m(-2l) ■■■jZn) : Ha{zi, . . ■ , Z„) Ha{zi, . . . , Zm + P, ■ ■ ■ , Zn) ■ 

In this paper we study the Gauss-Manin connection for a class of discrete local systems. 

Connection coefficients of local systems 

There arc three important classes of local systems: rational, trigonometric and elliptic. 

Consider a local system with decomposable connection coefficients and primitive factors of the form 

where t{x) is a function of one variable and aab, Pab are suitable complex numbers. A local system is 
called rational, trigonometric or elliptic if 

t{x) = X , t{x) = sin(7a;) , t{x) = 0{-yx) , 

respectively. Here 9{x) is a thcta-function and 7 is a nonzero complex number. Note that t{x) = jx 
for all 7^0 gives the same primitive factors. 

Say that a decomposable system of connection coefiicients on the total space is of the sl2-type if the 
constants aab, f^ab , and the scaling parameters ki, . . . , have the following form: 

(2.3) 



Ctab 


= —Pab 


= -h 


for 


a<b^l 


Olab 


= —Pab 


= Ab-e 


for 


a^i<b 


Otab 


= -Pab 


= 


for 


i <a <b 


l^a 


= K 




for 






= 1 




for 


e<a. 



Such a system of connection coefficients depends on n + 2 complex numbers Ai, . . . , A„ , K,h. 

In this paper wc study rational systems of the 5[2-type, for the trigonometric case see [TVS] and for 
the elHptic case sec [FTVl], [FTV2]. 

The primitive factors of a rational sl2-type local system have the form 

X — h 

(t>ab{x) = for a<b(^£, 

X + h 

4>ab{x) = ^ ^''"^ for a^£<b, 

(t>ab{x) =1 for £<a<b. 

Rescaling Ai , . . . , A„ and x we can set /i = 1 , so we assume that the primitive factors of a rational 
s[2-type local system have the form 

X — 1 

<t>ab{x) = — — for a<b^£, 

X +1 

4>ab{x) = ^ f ''"^ for a^£ <b, 

x-Ab-i 

<f>ab{x) =1 for £<a<b. 
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The connection coefBcients of a rational s[2-type local system have the form 



/ . X TT ta — Zm + Am -p-r — tb ^ ^ TT ~ th ^ ^ + P ^ „ 

Mt,z) = nl[^—^—^ n n + a = l,...,i, 

^ _ _ A _ 

Ve+mit,z) = 11 , , _„ > m = l,...,n. 

A phase function of a primitive factor {x + a)/{x — a) has the form 

T[{x-a)/p) 

and, therefore, a phase function of the system of connection coefficients is given by 

I " ^ 

(2.5) ^{ti,...,h,Zl,...,Zn) = e^^{lJLY.ta/p)\{\{<^{ta- Zm\^m) \{ <^{ta - U; -1) 

m=l o=l l^a<b^t 

where parameters n and /u are connected by the equation k = . 

The Stirling formula gives the following asymptotics for the phase function (2.4) of the primitive 

factor as x ^ oo: 

(2.6) #(x; a) = {x/pf^'^ (l + o(l)) , | arg(x/p)| < tt . 

This formula defines asymptotics at infinity of the phase function of the system of connection coefficients. 
The phase function (2.4) of the primitive factor has a symmetry property 

{x + a) sin(7r(a; + a)/p) 

${-x;a) = ${x;a) . . ) , ryr 

[x — a) sm(7r(x — aj/p) 

which leads to a symmetry property 

(2.7) <^{ti,...,ta+\,ta,-.-,tl,Zi,...,Zn) = 

^ -s {ta- ta+1 - 1) Sin(7r(ta - Wl " 

= <P{ti,...,te,zi,...,Zn) 7 r-7T7T 

[ta - ta+1 + 1) Sm(7r(ia - ta+1 + l)/p) 

of the phase function of the system of connection coefficients. This property later motivates definitions 
(2.9) and (2.25) of certain actions of the symmetric group. 

The functional space of a rational sh-type local system 

Define the functional space T of a rational s[2-typc local system as the space of rational functions 
on the total space with at most simple poles at the following hyperplanes: 

(2.8) ta = Zm- ^m + {s + l)p , ta = Zm + J^m - Sp , 

ta=th-l- {s + l)p, ta=th + l + Sp, 

1 ^ b < a ^ I , m = 1, . . . ,n , s G Z^o • It is easy to check that the functional space is invariant with 
respect to all operators Qf^, . . . , Qn^- 

Define an action of the symmetric group on the functional space: 

(2.9) G-.f^f, aeS^ 
by the following action of simple transpositions: 

[/](a,a+l)(^l; ■ ■ ■ ,te, Zi, . . . , Zn) = f{t\, . . . , ta+l,ta, . . . ,te, Zi, . . . , Zn) ""'"^ ^ , 



a = 1, ...,£— 1 . The operators Qi,.. . , Qe+n and Di,. . . , D^+n commute with the action of the 
symmetric group. 

We extend the S^-action to the de Rham complex assuming that it respects the exterior product and 

a : Dta 1-^ Dtcr^ , O : DZm '-^ DZm , fT € S^. 

The same formulae define an action of the symmetric group on the de Rham complex of a fiber. The 
homomorphism of the restriction of the de Rham complex of the total space to the de Rham complex of 
a fiber commutes with the action of the symmetric group. The action of the symmetric group induces an 
action of the symmetric group on the homology and cohomology groups. The Gauss-Manin connection 
commutes with this action. 

If a symmetric group acts on a vector space V, we denote by the subspace of invariant vectors 
and by the subspace of skew-invariant vectors. 

In this paper we are interested in the skew- invariant part H^{z) of the top cohomology group of a 
fiber. This subspace is generated by forms fDti A ... A Dt^ where / runs through the space J-'siz) of 
invariant functions. 

Introduce an important rational hyper geometric space JF C as the subspace of functions of the 
form 

p(..,...,..,..,...,.„)n n , _A n 

m=l a=l l^a<o^« 

where P is a polynomial with complex coefficients which is symmetric in variables ti, . . . and has 
degree less than n in each of the variables ti, . . . ,ti. The restriction of the rational hypergeometric space 
to a fiber defines the rational hypergeometric space T{z) C ^ {z) of the fiber which is a complex finite- 
dimensional vector space. A form f Dti A ... A Dt^ with the coefficient in the rational hypergeometric 
space of a fiber is called a hypergeometric form. 

The subspace "Hiz) C H^{z) of the top cohomology group of a fiber generated by the hypergeometric 
forms is called the hypergeometric cohomology group. 

The union of the hyperplanes 

(2.10) zi+Ai-Zm + ^m = r+ps, r = 0,...,e-l, seZ, 

l,m = 1, . . . ,n , / 7^ TO, in the base space C" is called the discriminant. The complement to the 
discriminant will be denoted by B . 

(2.11) Theorem. [V3], [TVl] TJie family of subspaces {^{z)}^^^ is invariant with respect to the 
Gauss-Manin connection and, therefore, defines a discrete subbundle. 

This subbundle will be called the hypergeometric subbundle. 

Later on we often make the following assumptions. We assume that the step p is real negative and 



such that 

(2.12) {l,...,£}npZ = , 
the weights Ai, . . . , A„ are such that 

(2.13) 2Am-s^pZ, m = l,...,n, s = 1 - i, 1 , 
and the coordinates zi,. . . ,Zn obey the condition 

(2.14) zi±Ai-Zm±Am-s^pZ, l,m = l,...,n, Ij^m, 

for any s = 1 — £,...,£— 1 and for an arbitrary combination of signs. 

(2.15) Theorem. Let k 1 . Let p < . Let (2.12) - (2.14) hold. Then 

dimH{z) = dimjr(^) = (^~^^_~ ^) • 

This means that 

(2.16) n{z) ~ J^{z) . 
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(2.17) Theorem. Let k = 1. Let p < 0. Let (2.12) - (2.14) hold. If 2 Am - « ^ p'^<o for all 

m=l 

s = £-!,..., 21 -2, then diinH{z) = I ^ ^ 

Theorems 2.15 and 2.17 are proved in Section 9. 

Theorem 2.15 means that if the scahng parameter k is not equal to 1, then every nonzero hyper- 
geometric form defines a nonzero cohomology class. On the contrary, if k = 1 , then by Theorem 2.17 
there are exact hypergeometric forms. We describe them in Lemma 2.21. 

Bases in the rational hypergeometric space of a fiber 

The finite-dimensional rational hypergeometric space !F{z) of a fiber has n\ remarkable bases. These 
bases will allow us to identify geometry of an s^-type local system with representation theory. The 
bases are labelled by elements of the symmetric group S". First we define the basis corresponding to 
the unit clement of the symmetric group. 

Let 

(2.18) = {tez^o I EU=n- 

m=l 

m 

Set [™ = X) Ifc • In particular, [° = , [" = £ . For any [ e define a rational function W( G as 
fe=i 

follows: 

(2.19) Mtu...,t,,z.,...,zr.) = j:lu^n{ t -/-A n r^f^) 

where = {1 + I™"^ , . . . , V^} , m = 1, . . . , n . The functions wi are called the rational weight 
functions. 

Example. For £ = 1 the rational weight functions have the form 
where e(m) = (0, . . . , 1 , . . . , 0) , m = 1, . . . ,n . 

m-th 

Example. For n = 1 the function W(^ij has the form 

toffl(ti,...,t,,^i) = 11 n 



„_i io - ^1 - Ai .-l- J; - + 1 

a=l l^a<o^« 



Example. For £ = 2 and n = 2 the functions wi have the form 

1 ti-t2 



W{2,0){tl,t2, Zl, Z2) = 



{ti -Zi- Ai) {t2 - Zi- Ai) ii - i2 + 1 



... ^ 1 t2-Zi+Ai 

wn,i){ti,t2,zi,Z2) = 7- T-^-T- 7-^- T h 

^ ' ' [ti- Zi- Ai) {t2 - Z2- A2) i2 - -21 - Ai 

_^ 1 - 01 + Ai ii - i2 - 1 



'"'(0,2)(il5i2, 21,2:2) 



(^2 -zi- Ai) (fi - 2:2 - A2) ti-zi-Ai ii - i2 + 1 ' 

1 (ii-2;i+Ai)(i2-2i+Ai) ti-t2 



{ti -Z2- A2) (t2 -Z2- A2) (il - 2:1 - Ai) {t2 - Zi- Ai) ii - f2 + 1 



(2.20) Lemma. The functions wi , I £ Z" , restricted to a Gber over z form a basis in the rational 
hypergeometric space T{z) of the fiber provided that for any s = 0, . . . ,£ — 1 , 

zi - Ai - Zm- Am + s , 1^1 <m^n. 

Lemma 2.20 is proved in Section 9. 
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(2.21) Lemma. Let k = 1 . Then for any I € tie following relation holds: 

n I 

+ 1)(2A„ - U)W[+e(m) = ^ I^a[wi{t2,...,te)]^-^^^y 

m—1 a—1 

where (l,a) € are transpositions. Moreover, if TZ{z) is the subspace in T{z) generated by the 
elements in the left hand side of the relations, then 



dimJ^{z)/TZ{z) = 



n + £-2 
n-2 



provided that zi — Ki — Zm — Am + s ^ Q , 1 ^ I ^ m ^ n , for any s = 0, . . . ,i — 1 . 

The subspace 7?,(z) C J^{z) is called the coboundary subspace. 
The relations (2.21) induce relations 

n 

^ [(U + 1) (2A„ - U) «;[+e(™) DtiA...A Dte\ = , [ e , 

m— 1 

in the cohomology group H^{z) , where [aj denotes the cohomological class of a form a. For k = 1 
under assumptions of Theorem 2.17 we have 

(2.22) H{z) ~ J^{z)/n{z). 

For any permutation r e S" we define a basis {w^}^^2n in the rational hypergeometric space of a 
fiber by formulae similar to (2.19). Namely, set 

(2.23) wl{ti,...,te,Zi,...,Zn;Ai,...,An) = Wri{ti, . . . ,te,Zri, . ■ . ,Zr„;Ari, . . . ,ArJ 

where "^l = ([^-j , . . . , l^^) . 

Example. For £ = 1 and a permutation r = (n, n — 1, . . . , 1) the functions have the form 

r f. X 1 -pr ti - z; + A, 

m<L^n 

The trigonometric hypergeometric space 

In our study of the Gauss-Manin connection an important role is played by the following trigonom,etric 
hypergeometric space. The trigonometric hypergeometric space is a trigonometric counterpart of the 
rational hypergeometric space introduced above. 

The trigonometric hypergeometric space is the space of functions of variables ti, . . . ,t(,, Zi, . . . , z^ 
which have the form 



r9 94^ PiP P t t \T\ T\ exp{m{Zm-ta)/p) jj sin(7r(t„ - tb)/p) 

where 

L = exp{2TTita/p) , Cm = exp(27ri^;„/p) , 



and P is a polynomial with complex coefficients which is symmetric in variables ^i,...,^^ and has 

degree less than n in each of the variables , . . . , ^£ . 

Introduce the singular trigonometric hypergeometric space J^^™^ C J-q as the space of functions of 
the form (2.24) such that the polynomial P is divisible by the product . . . . 

The restriction of the trigonometric hypergeometric spaces to a fiber defines the trigonom,etric hyper- 
geometric spaces J^q™^{z) C J-^q{z) of the fiber. The trigonometric hypergeometric space J^q{z) is a 
complex finite-dimensional vector space of the same dimension as the rational hypergeometric space of 
the fiber. 



11 



The trigonometric hyporgoomotric spaces of fibers over z and z' are naturally identified if the points 
z and z' lie in the same orbit of the Z"-action on the base space, since all elements of the trigonometric 
hypergeometric space are p-periodic functions. 

Introduce a new action of the symmetric group on functions, 

(2.25) /^[/l,, «^€S^ 
by the following action of simple transpositions: 

r^T (4- ^ \ ^ 4- ^ sin(7r(ta - ta+i - l)/p) 

^ ' ^ sm(7r(ia - Wl + 

a = l,...,^— 1. The trigonometric hypergeometric space is invariant with respect to this action. The 
action commutes with the restriction of functions to a fiber. 

The trigonometric hypergeometric space of a fiber has n\ remarkable bases. The bases are labelled 
by elements of the symmetric group S". First we define the basis corresponding to the unit element of 
the symmetric group. For any I e Z]* define a function Wi G !Fq as follows: 

(2.26) w,{t,,...,u,z„...,z^) = n n #^ X 

, smlTTs/p) 

m=l 5=1 ^ ' ^ ' 

\p [T A T-r / cxp{Tri{zm - ta)/p) -j-j- sin(7r(ta - zi + AQ/p) \ 

^iil /i) -Zm- Km)lp) , Sin(.(t„ - - AO/P) ) 

where r„ = {1 + (""i , . . . , r } , m = 1, . . . , n . Also for any [ e z;'"^ define a function #i e .F/ as 
follows: 

(2.27) #[(ii, ...,te,zi,...,Zn) = TT TT f , sin(7r(^„j - A„ - - A„+i + s - 1)/])) x 

-"■^ -"-^ sm(7rs/») 

m=l s=l ^ ' ' 



Tl-1 



2:m - ^m)/p) sin(7r(ta - Zm+1 - A„+i)/p) 

T-r sin(7r(^a - zi+ Ai)/p) \ 

JiL '^i""^*- - - ^')/^) ^ - 

The functions Wi and VK[ arc called the trigonometric weight functions. 

(2.28) Lemma. TJie functions VF[ , I G , restricted to a fiber over z form a basis in the trigonometric 
hypergeometric space J-q{z) of the fiber, provided that for any s = 0, . . . ,£ — 1 , 

Zi- Ki- Zm- Am + S ^ p'L, 1 < I < TO ^ n . 

(2.29) Lemma. The functions Wm , € -Z""^, restricted to a fiber over z form a basis in the singular 
trigonometric hypergeometric space J^^^"^ {z) of the fiber, provided that for any s = 0, . . . ,i — 1 , 

Zl- Ai- Zm- -^m + S ^ pZ, 1 < Z < TO < n . 

Lemmas 2.28, 2.29 are proved in Section 9. 

Example. For £ = 1 the trigonometric weight functions have the form 

cxp{TTi{z,n-ti)/p) -p-p sin(7r(ii - 2;; + A()/p) 
sm(7r(ti - Zm- Am)/p) sm(7r(ti - Zi - Ai)/p) 
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The singular trigonometric hypergeometric space T^^^^ [z) C Tqiz) has dimension (n — 1) and is gen- 
erated by the functions 

W^e(m) = "H^eCm) exp(-'7riAm/p) - VFe(m+i) exp(7riA„j+i/p) , m=l,...,n-l. 

Example. For n = 1 the function W(^) has the form 

* ^ A exp(7ri(zi -i„)/p) ^ sin(7r(ia - 

= n 3in(.(t.-.,-A0/p) Ji,,sin(.(t.-t. + l)/p)- 

Example. For € = 2 and n = 2 the functions VF[ have the form 

exp(7ri(2zi - - f2)/p) sin(7r(ti - ^2)/^) 

yV{2fi)\ti,t2,Zi,Z2) = 



sin(7r(ti - zi- Ai)/p) sin(7r(t2 - zi- Ai)/p) sin(7r(ti - t2 + 

^ (ti t2 -21 Z2) = exp(7r^(2:l + ^2 - - ^2)/^) sin(7r(^2 - ^1 + Ai)/p) 

(1,1) 1) 2, 1, 2 sin(7r(ti — 01 — Ai)/p) sin(7r(t2 — 2^2 — A2)/p) sin(7r(t2 — ^^1 — Ai)/p) 

^ exp(7ri(2;i + Z2 - ii - i2)/p) sin(7r(ii - 21 + Ai)/p) ^ 

sin(7r(t2 - 2^1 - Ai)/p) sin(7r(ii - Z2- M)/p) sin(7r(ti - Zi - Ai)/p) 



sin(7r(ii - t2 - l)/p) 
sin(7r(ti -t2 + l)/p) 



TT. . , , X _ exp(7^^(2z2-tl~^2)/p) 

W(^o,2)[ti,t2,zi,Z2) - . . . w N . / TTTT 

sin(7r(ti - 02 - A2)/_pj sin(7r(t2 - -22 - A2)/_pj 



^ sin(7r(ti - 2i + Ai)/p) sin(7r(t2 - zi + Ai)/p) sin(7r(ti - i2)/p) 



sin(7r(ti - zi- Ai)/p) sin(7r(t2 - -Zi - Ai)/p) sin(7r(ti - t2 + 

The singular trigonometric hypergeometric space J-'^''"'^ {z) C J-q{z) is one-dimensional and is generated 
by the function 

W^(2) = VF(2,o) exp(7ri(l - 2Ai)/j3) - VF(i,i) exp(7ri(A2 - Ai)/p) + M/^(o,2) exp(7rz(2A2 - l)/p) . 

For any permutation r G S" wc define a basis {VFi^lig^" trigonometric hypergeometric space 

of a fiber by formulae similar to (2.26). Namely, set 

(2.30) W[{ti, . . . ,te, Zi, . . . , Z„;Ai, . . . ,An) = Wri{ti, . . . ,ti, Zr„ ■ ■ ■ ,Zr„;Ar„ ■ ■ ■ ,ArJ 

where "^t = {1^, . . . ,lr^) . 

Example. For i = 1 and a permutation r = (n, n — 1, . . . , 1) the functions have the form 

1^ ^ exp(7ri(z„ - fi)/p) -p-p sin(7r(ti - z; + A;)/p) 

^ sm(7r(ii -Zm- Am)/P) sm(7r(ti - 2;( - A^/p) 

3. i?-matrices and the qKZ connection 

Highest weight sl2-modules 

Let E, F, H be generators of the Lie algebra , [H,E]=E, [H, F] = -F , [E, F] ^ 2H . 

For an s^-module V let F = Va be its weight decomposition. Let V* = be its restricted 

A X 
dual. Define a structure of an s[2-module on V* by 

{Eip, x) = {ip, Fx) , {Ftp, x) = {tp, Ex) , {Hip, x) = {ip, Hx) . 

This s[2-module structure on V* will be called the dual module structure. 
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Let Vi,. . . ,Vn be sl2-modules with highest weights Ai, . . . , A„ , respectively. We have the weight 
decompositions 

oo oo 

Vi0...(E)Vn = (Vi ® . . . ® Vn)^ and (Fi (g) . . . ® T4)* = (V^i O . . . ® T4)| 

n 

where ()^ denotes the eigenspace of H with eigenvalue X] — ^ ■ 

Let F{Vi (g) . . . (g) Vn)}_i C (Fi (g) . . . Vn)l be the image of the operator F . Let (Vi . . . (g 
Y^ymg (^y^^ _ _^y^ ^c the kernel of the operator E . There is a natural pairing 

(3.1) (Fi . . . K)f (Fi ... ... ^ C . 

Let Vi, . . . ,Vn be Verma modules, then this pairing is nondegenerate provided 

n e-1 

m=l s=0 

r/ie rational R-matrix 

Let Vi,V2 be Verma modules for with highest weights Ai,A2 and generating vectors vi,V2, 
respectively. Consider an End (Vi V2)-valued meromorphic function -Ry^y^ '^ith the following prop- 
erties: 

(3.2) [Ry^y^ix), F id + id F] , 

Ry^y^ix) (if 0F-F0iJ + xf0 id) = {F<8H-H(^F + xF<^ id)i?y^y^(a;) , 
in End(Vi V2) and 

(3.3) Ry^y^{x)Vl ®V2 = Vl®V2. 

Such a fimction Ry_^y^{x) exists and is uniquely determined. Ry^y^{x) is ca&edfhe si2 rational R-matrix 

for the tensor product Vi V2 . 

It turns out that Ry^y^(x) commutes with the standard diagonal action of SI2 in V2 : 

(3.4) [Ry^y^{x), X id + id X] = , X e sfa . 

In particular, Ry^y^{x) respects the weight decomposition of V^i V2 . Ry^y^(x) also satisfies the 
following relation 

Ry^v^ {x) {E ® H - H ® E + xE ® \d) = {H ® E - E ® H + xE ® id) Ry^y^ [x) . 
The rational i?-matrix Ry_^y^{x) satisfies the symmetry relation 

■^Vi V2 ^Vi ¥2^^) ~ ^V2 Vi (^) ^Vi V2 

where Fy^y^ : Vi V2 — > ^ ^1 is the permutation map: Py^y^{v w') = w' w , and the inversion 
relation 

^V,V2i^) = ^ViV2i-^)- 
The following asymptotics holds as a; — > 00 : 

Ry^y^{x) = id0id-|-a;-^(2AiA2id0id-2if 0iJ-F0F-F0F)-|-O(a;-2). 

00 

Let Fi V2 = V^^^ be the decomposition of the s[2-module Fi V2 into the direct sum of 
;=o 

irreducibles, where the irreducible module V^''^ is generated by a singular vector of weight Ai + A2 — Z . 
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Let n^^^ be the projector onto V^^^ along the other summands. Then we have 

'''''' h l},x-K,-K, + s 

Let Vi, V2, V3 be Verma modules. The corresponding i?-matrices satisfy the Yang-Baxter equation: 

(3-6) Ry^v^ {x - y) Ry.vs (2=) I^v^Vs (y) = ^V2Vs (y) ^v,Vs (^) ^v,V2 (x-y)- 

All of the properties of Ry^Y^{x) given above are well known (cf. [KRS], [FTT], [T]). 
The Yangian Y{q12) 

The rational iJ-matrix is connected with an action of the Yangian ^(glj) in a tensor product of 
512-niodules. The Yangian ^(glj) is a remarkable Hopf algebra which contains f/(s[2) as a Hopf 
subalgebra. We recall the necessary facts about Y{q12) in this section. 

The Yangian ^(glj) is a unital associative algebra with an infinite set of generators Tj^j \ ijj = 1, 2 , 
s = 1, 2, . . . , subject to the relations 

(3.7) [if \ - [if T^'] = T^T^^ - T^T^['> , 

i, j,k, I = 1,2 , r, s = 1,2 . . . . Here T^^ = 6ij and % is the Kronecker symbol. 

The Yangian ^(0(2) is a Hopf algebra with a coproduct A : ^(glj) ^(0^2) <8i ^^(fltj) : 

fc=l r=0 

There is an important one-parametric family of automorphisms px ■ Y {gl^) ^ Y {Qi2) : 

r=l ^ ^ 

The Yangian Y{Qi2) contains U{si2) as a Hopf subalgebra; the embedding is given by 

E ^ T^l^ , F ^ , H ^ (Ti« - Tip) /2 . 

There is also an evaluation homomorphism e : 5^(5(2) ~^ U{sl2): 

e : Tie ^ HSu , e : tI'^^ ^ F5u , 

e : T^C ^ Edu , e : T^^'> ^ - H5u , 

s = 1,2,... . Both the automorphisms px and e restricted to the subalgebra U{sl2) are the identity 
maps. 

00 

Introduce the generating scries Tij{u) = 5ij + T^^ . In terms of these series the coproduct, the 
automorphisms px and the evaluation homomorphism look like 

A : Tij{u) ^ E Tikiu) O Tkj{u) , 

k 



p, : T{u) ^ T{u - x) , 

e : Tii(u) ^ Hu~^, e : Ti2(u) 1-^ Fu~^, 

e : T2i(u) ^ Eu~^, e : T22(u) 1-^ - Hu~^. 
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Let Cij , i,j = l,2, be the 2x2 matrix with the only nonzero entry 1 at the intersection of the i-th 
row and j -th column. Set 

R{x) = ^2 i^^ii ® ^33 + ^ij ® ^Ji) ■ 

Then relations (3.7) in the Yangian ^(glg) have the form 

y)r(i)(x)r(2)(j/) = T(^2){y)T(i){x)R{x - y) , 
where T'(i)(u) = X] ® 1 ® Tij{u) and T'(2)(w) = X] 1 ® (g) Tij{u) . 

ij ij 

For any s[2-module V denote by V{x) the y(fll2)-module which is obtained from the module V via 

the homomorphism e o . The module V{x) is called the evaluation module. 

Let Vi, V2 be Verma modules for SI2 with generating vectors vi,V2 , respectively. For generic complex 
numbers x,y the y(f|l2)-modules Vi{x) (g) V2{y) and V2{y) (S) Vi{x) are isomorphic and the rational 
i?-matrix Py^y^Ry^y^{x — y) intertwines them [T], [Dl]. The vectors Vi(^V2 and V2(SiVi are respective 
generating vectors of the F(0[2)-modules Vi{x) (E) V2{y) and V2{y) (81 Vi{x) . The rational i?-matrix 
Ry^y^{x — y) can be defined as the unique element of End(Vi ® V2) with property (3.3) and such that 

(3.8) Py^y^Ry^y^iX - t/) : V,{x) ® ^2(2/) ^ ^2 (y) ^ V,{x) 

is an isomorphism of the F(fll2)-modules. 

For a F(g[2)-module F let V = QV\ be its weight decomposition as an 5[2-module. Let V* 

A 

be its restricted dual. Define a structure of a y(0[2)-module on V* by 

(Tii(u)(/?,x) = (.^,rii(M)a;) , {Ti2{u)(p,x) = {(p,T2i{u)x) , 

{T2i{u)^,x) = {^,Tr2{u)x) , {T22{U)^,X) = {<fi,T22{u)x) . 

This y(fl[2)-module structure on V* will be called the dual module structure. 

The rational qKZ connection associated with sl2 

Let Vi, . . . ,Vn be s[2-modules. The qKZ connection is a discrete connection on the trivial bundle 

over C" with fiber Vi (E) ■ ■ ■ <E) Vn . We define it below. 

Let Vi,...,Vn be Verma modules with highest weights Ai A„ , respectively. Let Ryy,{x) be 
the rational i?-matrices. Let Rij{x) G End(Vi . . . (g) Vn) be defined in a standard way: 

(3.9) Rij{x) = ^id (g) . . . (g) r{x) (g . . . (g r'{x) ig) . . . ig> id 

i-th j-th 

provided that -Ry-v^ (x) = J2 "''i^) r'lx) e End(yi (g V^ ) • For any X e sl2 set 

Xm = id (g . . . (g X (g . . . (g id . 

m-th 

Let p, K be complex numbers. For any m = 1, . . . , n set 

(3.10) Kmizi, . . . , Zn) = Rm,m-liZm- Zm-1+P)---Rrn.l{zrn- Zi+p)k^"'~""' X 

^ Rm^n{,Zm -^-n) • * • Rm,m-\-l(,Zm ■^m-t-l) • 

(3.11) Theorem. [FR] Tiie linear maps Km{z) obey the Hatness conditions 

Ki{zi,...,Zm + P,-- ■,Zn)Km{zi, . . . , Zn) = Km{zi, . . . , Zl + p, . . . , Zn) Ki{zi, . . . , Zn) , 

l,m = 1, . . . ,n . 

The maps Ki{z),. . . , Kn{z) define a flat connection on the trivial bundle over C" with fiber Vi (g 
. . . . This connection is called the qKZ connection. 
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By (3.4) the operators Km{z) commute with the diagonal action of H in Fi (g) . . . (g) : 

[Km{zi,...,Zn),H]=0, m = l,...,n, 

and, therefore, preserve the weight decomposition of Vi® . . . ■ Hence, the qKZ connection induces 
the dual flat connection on the trivial bundle over C" with fiber (Vi (S) ■ ■ ■ <S) Vn)* ■ This connection will 
be called the dual qKZ connection. 

Let B c C" be the complement to the discriminant (2.10). 

(3.12) Lemma. For any z gM the linear maps K*{z), . . . , K*{z) define isomorphisms of {Vi (g) . . . (g) 

■ 

This statement follows from formulae (3.5) and (3.10). 

If K = 1 , then the dual qKZ connection commutes with the diagonal action of sl2 in (Vi (g . . . (g 

Vn)*: 

[K^{zi,...,Zn),X]=0, XGsl2, m=l,...,n, 

and, therefore, admits a trivial discrete subbundle with fiber F(Vi (g . . . (g Vn)}_i , moreover, it induces 
a flat connection on the trivial bundle with fiber (Fi (g . . . (g Vn)^ / F{Vi (g . . . (g 14t)|_i . 

Let Vi,. . . ,Vn be sb-modules. The qKZ equation for a Vi ... l^-valued function ^{zi, . . . , Zn) 
is the following system of equations 

^(Zl, . . . , Zm +P, • • ■ , Zn) = Km{zi, . . . ,z„)\E'(zi, . . . , z„) , m = 1, . . . ,n . 

The qKZ equation is a remarkable difference equation, see [S], [FR], [JM], [Lu]. 

The trigonometric R-matrix 

Let q he a nonzero complex number which is not a root of unity. Let Eq,Fq, q^^ be generators of 
Uq{5\2) : 

q"q-" = q-"q" = 1 , 
q'^Eg = qEg q" , q" F^ = q-^Fg q" , 

[Eq,Fq] = —J . 

q — q ^ 

A coproduct A'' : [/g(sl2) Uq{sl2) (g C/g(sl2) is given by 

A''(g^) =q"® q", A'{q-") = q-" ® q-" , 

A' {Eg) =Eg(^q" + q-" Eg , A\Fg) =Fg(^q" + q-" Fg . 

The coproduct defines a [/q(0[2)-module structure on a tensor product of [/^(s [2) -modules. 

Let Vi,V2 be Verma modules for Uq{sl2) with highest weights g'^^, q^^ and generating vectors Vi,V2, 
respectively. Consider an End (Vi (g V2)-valued meromorphic function Rv^v2 (0 with the following prop- 
erties: 

(3.13) K.vAO (Pi ^<l"+ <1~" ® Fq) = (Fi ® Q'" +9"^ Fg)K,vAO , 
K.v, (0 {Fg g-^ +CqH(^Fg) = {Fg ®q"+ (q-" Fg) R^^y^ (C) 

in End(Fi V2) and 

(3.14) Rl^vS0vi<^V2=Vi<^V2. 

Such a function Ry^y^{C,) exists and is uniquely determined. Ry^y^{C,) is called the £[2 trigonometric 
R-matrix for the tensor product Vi V2 • 
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The trigonometric ii-matrix Ry^y^{Q also satifies the following relations 
(3.15) K,v,iO {E, ®q"+ q-" ® E,) = {E, ® q-" + q" ® E,)Rl^y^{C) 

K,v. (0 iCEq ® +1"® Eg) = iCEg 0q"+ q-" g) E^) R^^y^ {Q , 

In particular, Ry^y^{C,) respects the weight decomposition of V\®V2. 
Ry^y^{C,) satisfies the inversion relation 

where PviV2 '■ ® ^2 ^ V2 ® Vi is the permutation map. 

00 

Let (S) V2 = 1^^'^ be the decomposition of the l7g(s[2)-module 14 ® V2 into the direct sum of 
/=o 

irreducibles, where the irreducible module F*^'^ is generated by a singular vector of weight g^i+^2-'_ 
Let n*^'-' be the projector onto V"'-'-' along the other summands. Then we have 



(3.16) RkvSO = RV,vS^)Y.^''''' -Jli 

where 



^„2Ai+2A2-2s 

=0 s=0 



00 



R^^y^{Q) = 52A.A2-2/^«/^ ^(^2 _ i)2fe (1 _ ^2.)-l ^^H j,^ ^ ^-H^^^k 

Let Vi,V2,Vs be Verma modules. The corresponding i?-matrices satisfy the Yang-Baxter equation: 

(3.17) R'i.^y^ (e/C) R'v.v, (0 R'v.v, (0 = R'v^vs (0 R'v.v, (0 Ry^v, (C/O • 

All of the properties of Ry_^y.^{C) given above arc well known (cf. [T], [Dl], [J], [CP]). 

Similar to the rational case one can define the qKZ connection associated with the trigonometric 
i?-matrix (cf. [FR]). We study this trigonometric qKZ connection in [TV3]. 

The quantum loop algebra 1/^(0(2) 

The trigonometric i?-matrix is connected with an action of the quantum loop algebra 1/5(0(2) ^ 
tensor product of J7g(s[2)-modules. The quantum loop algebra Ug{Ql2) is a Hopf algebra which contains 
Uq{sl2) as a Hopf subalgebra. We give the necessary facts about Ug{Qi2) in this section. 

Let g' be a complex number, q ^ ±1 . The quantum loop algebra Uq{Ql2) is a unital associative 
algebra with generators 1 ^ j ^ « ^ 2 , and L^j\ i,j = l,2, s = ±1, ±2, . . . , subject to 

relations (3.18) [RS], [DF]. 

Let e,j , i, J = 1, 2 , be the 2x2 matrix with the only nonzero entry 1 at the intersection of the i-th 
row and j -th column. Set 

R{0 = {^Q - <1~^) (en O en + 622 O 622) + 

+ (^ - 1) (en O 622 + 622 en) + ^{q - q~^) ei2 621 + {q- q~^)e2i O ei2 . 

Introduce the generating series Lf-{u) — + X) L^^^^u^^. The relations in Uq{Q{2) have the form 

(3.18) iri^r^ = l, i^r^i^r = l, ^ = 1,2, 

^(e/C)ifi)(0if2)(C) = if2)(C)ifi) (0^(^/0, 

i?(C/C)ifi)(e)i^2)(C) = i^2)(C)ifl)(0^(C/C), 

R{^K)L-^^^{0Lj2){0 = L^2)(C)i(i)(e)i?(e/C), 

where L^.^ (C) = E e^i 1 O (0 and L^^^ (0 = E 1 ® e^i ® (0 > ^ = ±- 

ij ij 
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Elements 4^°^^'n°^ l'{[^^L^^°\ 42°^^n°^ are central in UqiQi^) ■ Impose the 
following relations: 

r (+0) r (+0) _ -, r(+0)r(+0) _ , r (-0) r (-0) _ , r (-0) r (-0) _ , 

-'^ll -^22 — 5 -^22 ^11 — ^ 1 ^11 '-"11 — ^ > -^22 -'^ll ~ ^ 5 



in addition to relations (3.18). Denote the corresponding quotient algebra by C/^(0l2) • 

The quantum loop algebra C/^(0l2) is a Hopf algebra with a coproduct : C/g(5l2) ^^0(0^2) 



k 

Remark. Notice that we take the coproduct A'' for the quantum loop algebra U^{q12) which is in a 
sense opposite to the coproduct A taken for the Yangian Y{q12) (cf. Theorems 4.25, 4.26). 

There is an important one-parametric family of automorphisms : Ug{Qi2) ^^5(0^2) • 
that is 

The quantum loop algebra C/q(0(2) contains 1/5(5(2) as a Hopf subalgebra; the embedding is given by 

E^^ - 4|0)/(5 - 5-I) , F, ^ L[f^/{q - q-') , q" ^ L[f^ . 

There is also an evaluation homomorphism : ?7^(fll2) ~^ Uq{sl2) : 

e" : L+(0 e" : L+(0 ^ -f,(g-g-^)C, 

e« : L2'i(?) ^ - 9"')r' , : L2"2(0 ^ Q^" " ^''r', 

that is 

e« : - q", e« : L^^^^ - -q-" , : L^^"^ - - 9"^) , 

and e'' : L^f for all other generators L^f . 

Both the automorphisms p| and restricted to the subalgebra C/q(sl2) are the identity maps. 

For any t/'5(s[2)-module V denote by V{^) the J7^(0[2)-module which is obtained from the module 

V via the homomorphism e' o p| . The module V{(,) is called the evaluation module. 

Let Vi,V2 be Verma modules for Uq{sl2) with generating vectors vi,V2, respectively. For generic 
complex numbers ^, C the ?7^(fl[2)-modules Vi(^) (g) V2(C) a^nd ^2(C) ® ^i(?) are isomorphic and the 
trigonometric i?-matrix Py_^y^Ry^y^{^/(^) intertwines them [T] , [CP] . The vectors Vi^v^ and V2 0vi are 

respective generating vectors of the J7^(0[2)-modules Vi (^) (g) 1^2 (C) a-^d V2(C)®^'i(i) • The trigonometric 
i?-matrix Ry^y^{^/C) can be defined as the unique element of End(Vi ig) V2) with property (3.14) and 
such that 

(3.19) Py^y^R'y^y^{^/0 I ^1 (C) ® 1^2(0 ^ ^^2(0 ^ ^4(0 

is an isomorphism of the f/^(g[2)-modules. 
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4. Tensor coordinates and module structures on the hypergeometric spaces 

In this section we identify the Gauss-Manin connection and the qKZ connection. In addition we 
also describe a structure of a F(gl2)-moclule on the rational hypergeometric space and a structure of a 
?7q(g[2)-module on the trigonometric hypergeometric space, respectively. 

The rational hypergeometric module 

Let !F[l] be the rational hypergeometric space defined for the projection C'+"^ C". In particular, 
^[0] = C and, in our previous notations, we have J^[£] = T . Consider the direct sum 

which will be called the rational hypergeometric Fock space. 

Let Tij{u) , i,j = l,2,he the generating series for the Yangian Y{q12) introduced in Section 3. Set 



m=l 



where the rational function in the right hand side is understood as its Laurent series expansion at 

u = oo . It is clear that the coefficients of the series Tij(u) generate ¥{^{2) ■ Introduce an action of the 
coefficients of the series Tij{u) in the space ^ . Namely, for any / € J^[l] set: 

" _ I A ' _ f _ 1 

(4.1) {T,,{u)f){tu...,tt) = f{tu...,ti) n '!_T_r n ",_, + 

m=l " ^"^ ^^"^ a=l ^ 



- 1 \ f{tl, . ■ . ,tl-l,u) -fj tl-Zrn+^m 



U-ta L U-tl-1 ^\ti-Zm-K 

0=1 a=l m=l 



(a,0 



/ WW, ,x f(. ^ , TT U-tg + l U-ta + 1 ^ r f{u,t2,...,tl) 
{T22{u)f){ti,...,ti) = f{ti,...,ti) [[ — ^ [[ ^ i 



U-ta U-ta L + 1 

a=l a=l 0=1 



(l,a) 



a=l 



U — ti 



, . . ti - Zm + T-T U - tb + I ti - tb - 1 

X 



(n ;:: _r n 



" I A '+1 J. 1 

_ -TT M - -Zto + Am y-j- M - - 1 \ 

^\ U - Zm - J^m }-\, U-tb ) 

m=L 5=2 



(l,a) 



_ TT ^ - + 1 r f{u,t2,...,tl) yr tj+i - Zm + 

" - *a I- - *1 + 1) (" - + 1) ii - -2m - Am 

(r2i(«)/)(ti,...,iz_i) = f{ti,...,ti-,,u) TT — ^ , ;>o, 

0=1 

and T2i(u)/ = for / G ^[0] . Here (l,a), (a, ^) are transpositions and cr"^ e S'+^ is the following 
permutation 

cr"'' : i i for i = 2, . . . , Z , cr'^^ 1 a , cr"'' : Z + 1 & . 

The right hand sides of formulae (4.1) are rational functions in u, and the precise meaning of each of 
the formulae is that the left hand side equals the Laurent series expansion of the respective right hand 
side at u = 00. 
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(4.2) Lemma. Formulae (4.1) define a Y {q{2) -module structure in the rational hypergeometric Fock 

space 5" . 

The proof is given by direct verification. 

Let d{z) = ^ ^[l]{z) be the rational hypergeometric Fock space of a fiber. The F(0l2)-module 

structure in J clearly induces a F(0[2)-niodule structure in ^{z) . This module will be called the 
rational hypergeometric module. 

For the action of the generators of the subalgebra t/(s[2) formulae (4.1) simplify and for / e 
look as follows: 

n 

(4.3) {Hf){ti,...,ti) = {j:Am-l)f{ti,...,ti), 

m=l 



/+1 n . , /+1 



™«......,«) ^ E [m <,«) ( n ^-Tt^ n 'j-^r - ' 



(l,a) 



a=l - m=l t^-^rn- A„ ^J-^ tl - tb + . 

{Ef){tu . . . , ti-l) = {tl fiti, ti))\ _ , / > , 

I tl — oo 

and Ef = for / e J^[0] . Here (l,a) € S'"*"^ are transpositions. 
Remark. It is worth to mention that for any function wi we have 

n 

Fwi = ^ (Im + 1) (2A„ - U) W[+e(m) . 
m=l 

cf. (2.21). Hence, TZ[l]{z) C — l](z)) , where TZ[l]{z) is the coboundary subspace. 

Remark. Let k = 1 . Then for any function / G !F[£ — 1] we have 

e 

(4.4) {Ff){tu...,te) = Y,Da[fit^'---Mii,a)- 

Tensor coordinates on the rational hypergeometric spaces of fibers 

Let Vi, . . . ,Vn be 5(2 Verma modules with highest weights Ai, . . . , A„ and generating vectors vi, 
. . . ,Vn, respectively. Consider the weight subspace (^i (g) . . . (g) Vn)^ with a basis given by monomials 
F'lui ... F'^Un , l€ . The dual space (Fi . . . 14)| has the dual basis denoted by (F'^ui 

For any 2 S C" and for any r € S" denote by Bt{z) the following homomorphism: 

Sr(^):(Ki0...0V;Jl ^ .F(^), 
S^(^) : (F'-it;^! 0...0F'-''Ut-„)* ^ wj{t,z), 

where J^{z) is the rational hypergeometric space of the fiber (cf. (2.19), (2.23)). The homomorphisms 
Bt{z) are called the tensor coordinates on the rational hypergeometric space of a fiber. The composition 
maps 

Br,r' {Z) : (Kj . • . K; )| ^ (Ki • • • )} , Br,r' {z) = {z) o B^, (z) , 

are called the transition functions, cf. [V3]. 

(4.5) Lemma. Let zi + Ai — Zm + A^ ^ {0, 1} for any I ^ m, l,m = 1, . . . ,n . Then for any 
permutation r the linear map Bt{z) : {Vn ... Vr„)| — > ^(^) is nondegenerate. 

The statement follows from Lemma 2.20. 

Consider a tensor product Vnizn) ... Vr^{zr„) of evaluation modules over F(g[2) coinciding 
with . . . as an 5[2-module. 
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(4.6) Lemma. For any (p e (V^i ... VV^)| we have 

{^,TMtl)...TMVr,®...®VrJ = {Br{z)^){tu...,t,) J] H '° " ~ [] • 

a— 1 m— 1 l^a<6^£ 

The rational function in the right hand side above is understood as its power series expansion in t^^, 
. . . ,tj^. It is easy to see that the rational function is regular at the hyperplanes ta = % , 1 ^ a < b ^ £ , 
so the power series is well defined without additional prescriptions. 

(4.7) Theorem. For any permutation r e S" the map 

is an intertwiner of Y {gl2)-modulcs. 

(4.8) Corollary. Let + A; — Zm + J^m ^ ^ for any I ^ m , l,m = 1, . . . ,n . Then for any permutation 
r e S" the map Br{z) : (VVi(zxi) (g) . . . (8) K-„(-Zt„)) diz) is an isomorphism of Y{Ql2)-modules. 

The statement follows from Theorem 4.7 and Lemma 4.5. 

(4.9) Theorem. [V3] For any r e S" and any transposition (m, m+1) , m — 1, . . . , n—1 , the transition 
function 

BrMm,m+l){z) : (K, ® . . . (g) Vr^^, ® Vr^ ® . . . ® VrJ} (Ki ® • • • ® K„)| 

equals the operator {Py^ Ry^ y^ {^Tm~ ^Tm+i))* a,cting in the m,-th and {m + l)-th factors. 

The theorem follows from Lemma 4.6 and formula (3.8). 

Each Br{z) induces a linear map (V^^ (g) . . . (g) Vt-„)| — > ^{z) which also will be denoted by Br{z) . 

(4.10) Theorem. Let k ^ I . Let p < . Let (2.12) -(2.14) hold. Then for any r e S" the map 

Bt{z) : (Vri . . . (g) 14„)| T^{z) is an isomorphism. 

This statement follows from Theorem 2.15 and Lemma 4.5. 

It is easy to see that for any r G S" the image of -F(V^i (g . . . (g 1^„)|_;^ under the map Br{z) 
coincides with the coboundary subspace TZ{z) C J^{z) . 

n 

(4.11) Theorem. Let k = 1 . Let p < . Let (2.12) - (2.14) hold. If 2 J2 A-m - s ^ pZ<o for all 

771—1 

s = £— 1,...,2£— 2, then for any r G the map Bt{z) induces an isomorphism 

{Vr,^...^ VrSe/nVr. ® • • • - W(z) . 

The statement follows from Theorem 2.17 and Lemmas 2.20, 2.21. 
Taking into account formula (3.1) we get an isomorphism 

(4.12) Theorem. [V3], [TVl] For any m = 1, . . . ,n , the following diagram is commutative: 

(K, ® . . . ® VrJ} K^{zi,...,Zn) ^ (^^^ ^ _ _ _ ^ y^j.^ 



BT-{zi,...,Zm+P,...,Zn) I I Br{zi,...,Zn) 

H{zi,...,Zm + P,---,Zn) > H{zi,...,Z„) 

(-^1 7 ■ ■ ■ J Zn^ 

Here Arn{z) arc the operators of the Gauss-Manin connection, K*^{z) arc the operators dual to Km{z) . 
and Km{z) are the operators of the qKZ connection in {Vn (g . . . g) VV^)^ defined by (3.10). 
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(4.13) Corollary. The construction above identifies the qKZ connection and the Gauss-Manin con- 
nection restricted to the hypcrgcomctric subbundle. 

The trigonometric hypergeometric module 

Let J^q[l] be the trigonometric hypergeometric space defined for the projection C'+"^C"'. In 
particular, J-q[0] = C and, in our previous notations, we have J-q[i] = Tq. Consider the direct sum 

which will be called the trigonometric hypergeometric Fock space. 

Let q = exp(7ri/p) . Let Lfk{u) , j, fc = 1, 2 , be the generating series for the quantum loop algebra 
Ug{gl2) introduced in Section 3. Set 

2 sm(7r(u - Zm - ^m)/P) 

where ^ = exp(27riu/p) . The products in the right hand side are rational functions in ^. The precise 
meaning is that Lji^{^) equals the Laurent series expansion of the corresponding right hand side at 

^ = oo , and ^^^(C) equals the Taylor series expansion of the corresponding right hand side at ^ = . It 
is clear that the coefficients of the series L^f.{^) generate C/q(0[2) • Introduce an action of the coefficients 
of the series -^^^^(0 the space . Namely, for any / G ^q[l] set: 



sin(7r(w - 2;^ + A„)/p) J-^ iiin{n {u - ta - l)/p) 



sm{'K{u- Zm - Am)/p) sm{Tr{u - ta) /p) 



+ 



+ sin(7r/p) Y[ 



sin(7r(u - ta - l)/p) 



f=i sin(7r(w - ta)/p) 



exp (Tri{u-ti)/p) -^j sin (tt ; - z,„ + A™ ) /p) 

I- Zm- J^m)/p) 



\\f{ti,...,tl-x,u)^j^ —f^ . ) i. 

a=i ^ sm(7r(u -ti- 1)Ip) sm(7r(t 



(a,() 



sm(7r(u -ta + 1)Ip) 



^=^1 sm(7r(u - ta)/p) 



sin(7r(u -ta + l)/p) 



^J-^ sm(7r(u - ta)/p) ^ If sm(7r(u -ti + l)/p) 



cxp(7ri(u — ti)/p) 



(l,o) 



^ * cir 



sm 



/ -A- sin(7r(ii - z,„ + A„i)/p) -r-r sin(7r(u - if, + l)/p) sin(7r(ii - it - l)/p) 
^ ^ii sin(7r(ti - Zm- Am)lp) sin(7r(u - tb)/p) sin(7r(ti -tb + l)/p) 



Pc sin(7r(M - Zm + Am)/p) -j-j- sin(7r(M -t^- l)/p) ^ 



n 



•i-^ sin(7r(u - - Am)/p) ^J-^ sin(7r(u - tb)/p) / 



(l,o) 



(+1 



- sm (tt/p) M — - 

sm(7r(u - ta 



sin(7r(M -ta + l)/3j) 



l+l 



II ^ ^ -J exp(7ri(2?i -ti - ti+i)/p) ^ sin(7r(t;+i - Zm + Am)/p) 

a b^i ' ' " ' sin(7r(u -ti + l)/p) sin(7r(M - + I)/p) sin(7r(ti+i - - Am)/p) 
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0=1 SllH^TT^U ta)/P) 

and L2i{u)f = for / € ^[0] . Here ^ = exp(27riu/p) , (1, a) , (a, /) are transpositions and cr"^ e S'+^ 
is the following permutation 

a^^-.i^i foT i = 2,...,l, CT^^lh^a, CT^^Z + I 6. 

The right hand sides of formulae (4.14) are rational functions in ^ , and the precise meaning of each of 
the formulae is that LJ,,{^) equals the Laurent series expansion of the corresponding right hand side at 
^ = 00 , and Lfj, (^) equals the Taylor series expansion of the corresponding right hand side at ^ = . 

(4.15) Lemma. Formulae (4.14) define a Ug{gl2)-niodule structure in the trigonometric hypergeometric 
Fock space . 

The proof is given by direct verification. 

Let ^g{z) = ^ J-g[l]{z) be the trigonometric hypergeometric Fock space of a fiber. The ?7g(0[2)-module 

structure in clearly induces a f/^(g[2)-module structure in dq{z) ■ This module will be called the 

trigonometric hypergeometric module. 

For the action of the generators of the subalgebra Uq{sl2) formulae (4.14) simpliiy and for / e J-q[l] 
look as follows: 

(4.16) (g±^/)(ti,...,tO = 0^'^^=^'""'''^ f{tu...,ti), 

^ r 

{Fqf){ti,...,ti+i) = exp(-7ri(/+ E Am)/P) V /(i2,...,ii+i) x 

X (exp(2..Vp) n + n ''^u'l'lZ'l - -P(2- t A^/P 

V sm(7r(ti - Zm- Am)/p) sin(7r(ii -tb + l)/p) m=\ 



J(l,a) 

(i?,/)(ti,...,fi_i) = -(2»sin(7r/p)) exp(7rz(^-l+ E A„/p)/(ti,...,t,)|^^p^2.it,/p)=o' 

and Eqf = for / e Tq^] ■ Here (l,a) e S'+^ are transpositions. 

Tensor coordinates on the trigonometric hypergeometric spaces of fibers 

Let q = exp(7ri/p) . Let V^, • • • > ^ be Uq{s{2) Verma modules with highest weights q^'^, . . . , q^" 
and generating vectors vf, . . . ,v'^, respectively. Consider a weight subspace (Vi (E) . . . (E) T^')^ with a 
basis given by monomials Fg^vl (g) . . . (g) Fq"v^ , I G . For any z and for any t G S" denote by 
Cr{z) the following homomorphism: 

Cr{z):{V^\<3...<3Vl), ^ J=-q{z), 
Cr{z) : «)...«) ^ C( W(^(i, z) , 

where Jij{z) is the trigonometric hypergeometric space of the fiber and 

^ _ sin(7r(s + l)/p) sin(7r(2A„ - s)/p) 



m—l s—0 



sin(7r/p) 



(cf. (2.19), (2.23)). The homomorphisms Ct{z) are called the tensor coordinates on the trigonometric 
hypergeometric space of a fiber. The composition maps 

Cr,r' {z) : {V^\ ® . . . ® ^ (V;« ® . . . ® VI )^ , Cr,r' {z) = C^^ {z) O Cr' {z) , 

are called the transition functions, cf. [V3]. 
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(4.17) Lemma. Let zi + Ai — Zm + — s ^ pZ for any s ~ 0, . . . ,£ — 1 , and for any l,m = 1, . . . , 
n . Then for any permutation r the linear map Cr{z) : (V^* ® . . .® V^^)^ ^q{z) is nondegenerate. 

The statement follows from Lemma 2.28. 

Let Cm = exp{2TTiZm/p) ■ Consider a tensor product V^^{(ri) ® . . . ® V!^^(Cr„) of evaluation modules 
over C/q(0t2) coinciding with V^^ . . . V^^ as a J7q(s[2)-module. 

(4.18) Lemma. For any v G ® . . . (g) F^^)^ we iave 

Lt,i^i)...Lt,{^e)v = {Criz)v){ti,...,te) x 

X rr rr ^M^i^-^m- Am)/p) sm{w{ta -tb + i)/p) 

n 11 ±,exp(±.i(.„-n)/;,) ^^11^^ sin(.(t„-i,)/p) ® " " " ® ' 
where = exjp{2iTita/p) , a = 1, . . . , £ . 

It is easy to see that the right hand side above is a polynomial in ^i, . . . for the case of the upper 
signs, and is a polynomial in . . . for the case of the lower signs, so the formula makes sense 

without additional prescriptions. 

(4.19) Theorem. For any permutation r e S" the map 

Cr{z) : K« (C.J ®...® Vl{QrJ - W 
is an intertwiner of f/^(g [2) -modules. 

(4.20) Corollary. Let Zi + Ai — + Am — s ^ pZ for any s € Z^o , and for any /, m = 1, . . . , n . 
Then for any permutation r € S" the map Cr{z) : V^^ (Cn ) ® . . . ® V^^ (Cr„ ) ^ i?g (-z) is an isomorphism 
of J7g(0 [3) -modules. 

The statement follows from Theorem 4.19 and Lemma 4.17. 

(4.21) Corollary. For any r G S" the homomorphism Ct{z) maps {V^^ ® . . . ® V^^Y/"^ into the 
singular trigonometric hypergeometric space .7^*'"^ (2;) of a fiber. The map 

Cr{z) : {V,\ ®...® vi)r' ^ 

is an isomorphism provided that Zi + Ai — z^ + A^ — s ^ pZ for any s = 0, . . . ,£ — 1 , and for any 

l,m = 1, . . . ,n . 

The statement follows the last formula in (4.16). 

(4.22) Theorem. [V3] For any t € S" and any transposition {m,m + 1) , m = 1, . . . ,n — 1 , the 
transition function 

a,x.(m,m+i)(2) : K> • • • ® ® ® • • • ® VI ^ K> • • • ® VI 

equals the operator P,.g R'^.g (exp(2TTi{zr^,^ — Zr^)/p)) acting in the m-th and {m + l)-th 

factors. 

The theorem follows from Lemma 4.18 and formula (3.19). 

Tensor products of the hypergeometric modules 

Let !F[zi, . . . , Zm', Ai, . . . , A^; I ] and J^q[zi,. . . , z^', Ai, . . . , A^; I ] be respectively the rational and 
the trigonometric hypergeometric spaces defined for the projection C C"*. In particular, in our 
previous notations we have 

J^ = J^[zi,...,Zn;Ai,...,An;i] and J^g = J=g[zi, . . . ,Zn;Ai, . . . ,An;i] . 

There are maps 

X '■ ^[zi, ■ ■ ■ , Zk; Ai, . . . , Afe; j] (g) J^[zk+i, Zk+m;Ak+i, . . .,Ak+m;l] 

— > J^[zi, . . . , Zk+m] Ai, . . . ,Ak+m',j + I] 
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and 

Xq '■ ^q[zi, ■ ■ ■ , Zk;M, ■ ■ ■ , Afe; j] (g) J^q[zk+1, ■ ■ ■ , Zk+m] Aft+i, . . . , Kk+jn]l] ^ 

Tq[Zi, . . . ,Zk+m',J^l, ■ ■ ■ ,^k+m\j + I] 

which are respectively defined by X'f^9'^f*9 and Xq'- f ® 9 ^ f * 9 where 

aeS^+' i=l a=l 

and 

k I 



Wc have the next lemmas. 

(4.23) Lemma. Assume that {zi — Aj — Zk+j — ^k+j + s) for any i = 1,. . . ,k , j = l,...,m, 
s = 0, . . . , Z — 1 . Then the map 

X- ^ ^zi, . . . , Zk; Ai, . . . , Ak;i]{{zi, . . . , Zk)) ® 
i+j=i 

(g) J^[zk+l, ■ ■■ , Zk+m;Ak+l, . . .,Ak+m;j] ((^^fe+l, • • • , Zk+m)) ^ 

; Ai, . . . , Ak+m', I ] {{zi, ■ ■ ■ , Zk+m)) 

defined by linearity is an isomorphism of the rational hypcrgeometric spaces of fibers. 

(4.24) Lemma. Assume that {zi — Aj — Zk+j — Ak+j + s) ^ pZ for any i = 1,. . . ,k , j = l,...,m, 
s = 0, . . . , Z — 1 . Then the map 

Xq- ^ ^q[zi, ■ ■ ■ , Zk; Ai, . . . , Ak;i]{{zi, . . . , Zk)) ® 

i+j=i 

<?> ^q[Zk+l, ■ - - , Zk+m;Ak+l, ■ ■ .,Ak+m;j] ((^fe+1, • • • , Zk+m)) ^ 
— * ^q[zi, - ■ ■ , Zk+m] Ai, . . . , Ak+m'i I ] {{z\, - ■ - , Zk+m)) 

defined by linearity is an isomorphism of the trigonometric hypergeometric spaces of fibers. 
Let 

d[zi, ■ ■ ■ ,Zm;Ai, . . . ,Am] = ^J^[zi,...,Zm;Ai,...,Am;l] 

1=0 

and 

oo 

■Sq[Zl, ■ - ■ , Zm j Ai , . . . , A^] = J-q [zi , ■ ■ ■ , Zm j Ai , . . . , A^ ; I ] 

;=o 

be the rational and the trigonometric hypergeometric Fock spaces, respectively. Extend the maps x, Xq 
to the respectively maps 

X : d[zi, ...,Zk;Ai,.. .,Ak] {{zi, Zk)) O 

(g) d[zk+i, ■ - ■ ; Afc+i, . . . , Ak+m\ {{Zk+l, ■ ■ ■ , Zk+m)) 

; Ai, . . . , Ak+m] {{Zl, • • • , Zk+m)) , 

Xq ■ dq[zi,.--,Zk;Ai,...,Ak]{{zi,...,Zk)) O 

dq[Zk+l, - -, Zk+m;Ak+l, ■ . .,Ak+m] ((^fc+1, • • • , Zk+m)) ^ 

— * dq[zi, ■ ■ - , Zk+m, Ai, . . . , Ak+m] {{Zl, ■ ■ - , Zk+m)) ■ 
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(4.25) Theorem. The map 

X°P ■ d[Zk+l, • • • , Zk+m'Ak+l, ■■ ■, Afe+m] • • • , Zk+m)) ^ 

(g) d[zi, . . . , Zfc; Ai, . . . , Afe] ((zi, . . . , Zk)) 

; Ai, . . . , A/c+m] ((zi, . . . , z/c+m)) 

is ail intcrtwincr of Y {gl2)-modules. Here P is the permutation map. The map x ° P an isomorphism 
provided that (zi — Ai — Zk+j — Ak+j) ^ for any i = 1, . . . ,k , j = 1, . . . ,m . 

(4.26) Theorem. The map 

Xg ■ dq[zi, . ■ . , Zk; Ai, . . . , Ak]{{zi, . . . , Zk)) 

^ dq[Zk+li • • • ) Zk+ml Afe+1, . . . , Afc+m] ((Zfe+i, . . . , Zk+m)) — * 

— * dq[zi, - ■ ■ , Zk+m'i Ai, . . . , Afc+m] ((Zi, . . . , Zk+m)) ■ 

is an intertwiner of U^^{Ql2)-modules. The map Xq an isomorphism provided that 
{zi - Ai - Zk+j - Ak+j + s) ^ pZ for any i = 1, . . . ,k , j = 1, . . . ,m , s G Z^o • 

It is clear that for any functions /, g, h we have {f*g)*h = f*{g*h) and for any functions /, g, h 
we have {f *g)*h = f*{g*h). Lemmas 4.23, 4.24 and Theorems 4.25, 4.26 can be extended naturally 
to an arbitrary number of factors. 

5. The hypergeo metric pairing 

In this section we define the main object of this paper, the hypergeometric pairing. Wc define a 
pairing between the rational and the trigonometric hypergeometric spaces of a fiber. For any functions 
w e J^{z) and W G J\j{z) we define the hypergeometric integral by 

(5.1) I{W,w) = j ^t)w{t)W{t) dH 

where $ is the phase function (2.5) and is a suitable deformation of the imaginary subspace 

t = {tGC^ \ Re ii = , ... , Re t£ = 0} . 

We always assume that the step p is real and negative. The case of arbitrary step can be treated by 
analytic continuation. 

i 

The phase function $ has a factor exp(/x^ ta/p) where the parameter is connected with the 

a=l 

parameter k in the definition of the connection coeflacients by k = e^ . We choose the parameter /z so 
that it satifies 

(5.2) < Im /i< 27r . 

We define the hypergeometric integral as follows. First we assume that the real parts of the weights 
Ai, . . . , A„ are large negative and set 

(5.3) I{W,w) = j <P{t)w{t)W{t) dH. 

I' 

(5.4) Lemma. Let < Im ;u < 27r . Let the real parts of the weights Ai, . . . , A„ be large negative. 
Then the hypergeometric integral I{W,w) is well defined for any functions w G J^{z) and W G Tq{z) . 

Proof. It follows from (2.5), (2.6) and (2.24) that the integrand of the hypergeometric integral decays 
exponentially as t goes to infinity. □ 

Let T^^^^{z) C Tq{z) be the singular trigonometric hypergeometric space. 
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(5.5) Lemma. Let Im /x = . Let the real parts of the weights Ai, . . . , A„ be large negative. Then 
the hypcrgeonictric integral I{W, w) is well defined for any functions w £ 3^{z) and W € Tq^^^{z) . 

The proof is similar to the previous lemma. 

The hypergeometric integral for generic Ai , . . . , A„ , Z\,. . .,Zn and arbitrary negative p is defined by 
analytic continuation with respect to Ai, . . . , A„ , z\,...,Zn and p . This analytic continuation makes 
sense since the integrand is analytic in Ai,...,A„, zi,...,z„ and cf. (2.5), (2.19), (2.26). More 
precisely, first we define the hypergeometric integral for basic functions W{ , Wm and then extend the 
definition by linearity to arbitrary functions w G J^{z) , W € !Fq{z) . The result of analytic continuation 
can be represented as an integral of the integrand over a suitably deformed imaginary subspacc. Namely, 
the poles of the integrand of the hypergeometric integral /(VF[, Wm) are located at the hyperplanes 

(5.6) ta = Zm± (Ato + Sp) , ta = tb±{l- Sp) , 

1 ^ b < a ^ £ , m = l,...,n, s € Z^o • We deform Ai, . . . , A„ , zi, . . . , Zn and p in such a way that 
the topology of the complement in to the union of hyperplanes (5.6) does not change. We deform 
accordingly the imaginary subspace so that it does not intersect the hyperplanes (5.6) at every 
moment of the deformation. The deformed imaginary subspace is denoted by F . Then the analytic 

continuation of the integral (5.3) is given by formula (5.1). 

(5.7) Theorem. Let < Im fj, < 2tt . Then for any [, m S the hypergeometric integral I{Wi, Wm) 
can be analytically continued as a holomorphic univalued function of complex variables p, Ai , . . . , A„ , 
Zi, . . . ,Zn to the region: 

p<0, {l,...J}npZ = , 

2 Am — s ^ pZ , TO=l,...,n, s = l — 1, 

zi ± Ai - Zm± Am - s <^ pZ , l,m = I, . . . ,n , Ij^m, 

for an arbitrary combination of signs (cf. (2.14)). 

(5.8) Theorem. Let Im /z = 0. Then for any I G -2^"^, tn G the hypergeometric integral 
I{Wi, Wm) can be analytically continued as a holomorphic univalued function of complex variables p , 
Ai, . . . , A„ , z\,...,Zn to the region: 

p<0, {l,...,£}npZ = 0, 

2Am — s^pZ, m = l,...,n, s = l — ^, 1, 

zi± Ai- Zm± Am.- s ^ pZ, Z,m = 1, . . . ,n, l^m, 

for an arbitrary combination of signs {cf (2.14)). 
The theorems are proved in Section 9. 

Let TZ{z) C J^iz) be the coboundary subspace. 

(5.9) Lemma. Let /x = . Let p < 0. Let (2.12) -(2.14) hold. Then the hypergeometric integral 

I{W,w) equals zero for any w € 7^(-z) and W G !F^^"^ (z) . 

The lemma is proved in Section 9. 

The hypergeometric integral defines the hypergeometric pairing 

(5.10) I : J^g{z) J^{z) ^ C 
for < Im /u < 2tt, and 

(5.11) r:.F""^(z)(^.F(z)/7^(z) ^ C 
for n = 0. According to (2.16) and (2.22) this can be written as 

(5.12) I :J^g{z)<»n{z) ^ C 
and 

(5.13) r:J^g''''{z)(^H{z)^C, 
respectively. 
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(5.14) Theorem. Let < Im fi< 2n . Let p < . Let (2.12) - (2.14) hold. Then the hypergeometric 
pairing I : J^q{z) ® T{z) — * C is nondegenerate. Moreover 



^ m=l 



X expl 



X exp((M + 7rO(EA™/;.-("+^ ') " "/"^ ' C n ! /))) 

X n[r(-(s + i)/p)"r(-i/p)-" nr((2A„-s)/p) x 

s=0 m=l 

TT r((z; + A; - + - s)/p) -| ^) 

KM^n r((z,-A;-z„-A„ + s)/p) 



Here < arg(e'' - 1) < 27r . 



(5.15) Theorem. Let /x = 0. Let p < 0. Let (2.12) - (2.14) hold. If 2J2 ^m - s ^ p'^<o for all 

m—l 

s = £ — 1, . . . ,2£ — 2 , then the hypergeometric pairing 1° : J^*™*(z) (g) J^{z)/TZ{z) C is nondegenerate. 
Moreover 



(n+£-2\ (n+e-2\ 

det[J(W^[,w;„)]j^^^^„_i = {2ify "-2 ) £]{ n-2 ) 



n 

H \r{-{s + i)/p)"-' r(-i/p)'-" r(i + 2 E A„/p + (« + 2 - 2^)/^)"' r(i + (2A„ - s)/p) 



-1 

X 

s=0 

n""^„/.„. . -r-r r((z;+A;-2;„ + A„-s)/p) n("+^ir^) 

iJcTc wc identify m G 2""^ witi (m,0) G Z" . 

Theorems 5.14 and 5.15 are proved in section 9. 
Example. Theorem 5.14 for n = 1 , 1 = 1 and Theorem 5.15 for n = 2 , i = 1 give 

(5.16) j T{a + s)r{a- s)u^''ds = 2mr{2a){u + u-^)-^'' , 

—ioo 

ioo 

[ ^, , „ .Tia + c)T{a + d)T{h + c)Tib + d) 

j ria + s)Tib + s)Tic-s)Tid-s)ds = 2.r 'r\aj+c + d) 

—ioo 

which are formulae for the Barnes integrals [WW]. 

For arbitrary £ , Theorem 5.14 for n = 1 and Theorem 5.15 for n = 2 give the following Mellin-Barnes 
integrals, which are generalizations of the famous Selberg integral: 



zoo 200 



-ioo -ioo "^"^ 

= (27rz)^(«+«-i)-^(^«+(^-^w n Y^rr^^i^^+(>'-^^^)^ 
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lOO ICG 



fe-1 



II (T{a + Sk)T{b + Sk)r{c-Sk)T{d-Sk) 



-lOO — 2C30 



fe=l 



T{sj - Sfc + x)T{sk - Sj + x) 
T{sj - Sk)T{sk - Sj) 



r{a + c+{k- l)x) r{a + d+{k- l)x)r{b + c+{k- l)x) r{b + d+{k- l)x) 
T{a + b + c + d+{2e-k- l)x) 



where Re a, b,c,d,u,x > . 

Remark. After this paper was written we found out that the second formula in (5.17) had appeared in 
[G]. In Section 9 we give a proof of the first formula in (5.17) and use the formula to prove Theorems 5.14, 
5.15. 

Rcnmrk. Wc also obtain determinant formulae similar to (5.14) and (5.15) for the hypergeometric pairing 
in the trigonometric case [TV3]. Under the same specialization as above, those formulae give multidi- 
mensional generalizations of the Askey-Roy formula [GR, (4.11.2)], and, on the other hand, can be 
viewed as a generalization of the famous q'-Selberg integral, cf. [Ka], [AK]. 

Remark. It is plausible that the assumptions on p , Ai, . . . , A„ , zi, . . . , z„ of Theorems 5.14 and 5.15 
as well as of Theorems 2.15, 2.17, 4.10, 4.11, 5.9, 6.4, 6.6, 6.7 could be replaced by the following weaker 
assumptions: the step p is such that {2,. . .,£} npZ>o = , the weights Ai, . . . , A„ are such that 

2Am — s^pZ, m=l,...,n, s = 0,...,£—l. 

and the coordinates zi,. . . ,Zn obey the condition 

zi + Ai - Zm + Am - s ^ pZ, l,m = l,...,n, l^m, 

for any s = 0, 1 , so that z gM. 

Let W be any element of the trigonometric hypergeometric space J-q . The restriction of the function 
W to a fiber defines an clement W\z G ^q{z) of the trigonometric hypergeometric space of the fiber. 
The hypergeometric pairing allows us to consider the element W\z € ^q{z) as an element Syy{z) of the 
space H*{z) dual to the hypergeometric cohomology group 'H{z) . This construction defines a section 
of the bundle over C" with fiber n*{z) . 

There is a simple but important statement. 

(5.18) Theorem. Let either < Im /x < 27r and 1^ e or fi = and W T^'"^^ . Let p < . Let 

Ai, . . . , A„ obey (2.13). Then the section Sy^ is a periodic section with respect to the Gauss-Manin 
connection. 

The theorem is proved in Section 9. 

The section Sy^ and the tensor coordinates induce a section 

(5.19) ^w-z ^ B;-W\ze{Vr,®...® VrJi 

of the trivial bundle with fiber {Vn (g) . . . (g) Vr^)^ . Theorems 5.18 and 4.12 imply 

(5.20) Corollary. The section is a solution to the qKZ equation. 
The tensor coordinates B^{z) , Ct'{z) induce the hypergeometric pairing 



(5.21) Ir,r'{z) : {V^, ® . . . ® K^)^ ® (Ki . . . KJl ^ C 
if < Im /X < 27r and 

(5.22) /;^, {z) : {V^, . . . V;3 (Ki • . • Vr„ )l/F{Vr, . . . K„ )l_i ^ C 
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if = , which also can be considered as maps 

(5.23) ir,r' {z):{V^,^...^V^^)f^{Vr,^...^VrJi 

and 

(5.24) (z) : ( y;, . . . )r' ^iVr,^...^Vr^ )r« . 

If u e {V^, ^ . . . ®V^,)g, then the hypergeometric pairing defines a section 

: 2 It,t'{z) • € (Ki ® • • • ® VrJ^ 
and, if u e {V^, (S) . . . VJ?, )|'"^ , then the hypergeometric pairing defines a section 

: z ^ j;^,(z) • G (y^, (g) . . . ® Fxjr^ 

(5.25) Corollary. Let < Im < 27r and, therefore, k^I. Then for any v e {V^^ 'Si-.-'SiV^, )^ tie 

section "ify is a solution to the qKZ equation with values in {Vn (g) . . . (g) VV„)^ • Under conditions of 
Theorem 5.14 all solutions are constructed in this way. 

Therefore, for 1 we constructed the hypergeometric maps 

Ir,r'{z): V\ (Cr( ) ® • • • ® V\ (Cx^, ) ^ (0, J ® . . . ® K„ (^,„ ) 

from quantum loop algebra modules to Yangian modules. Here Cm = ^^p{'^T^izm/p) , m = l,...,n. 
The maps have the following properties: 

lT,r'-{m,m+l){z) = lT,T'iz)Py, y„ R^, y, (exp(27ri (2:^^+1 - ZrJ)/p)) , 

"""Tn + l """tti ''"771.+ 1 ■''m 

and as functions of z they satisfy the qKZ equations: 

(5.26) Corollary. Let = and, therefore, k = I. Then for any v £ {V^, ® . . . V^.J^^ the 

section is a solution to the qKZ equation with values in {Vn ig) . . . (g) Kr„ )|™^ ■ Under conditions of 
Theorem 5.15 all solutions are constructed in this way. 

Remark. Let Vi . . . be a tensor product of sl2 Verma modules, V i ® . . . (g Vn the tensor product 
of the corresponding irreducible s^-modules, and S* : Vi (g . . . (g ^ Fi (g . . . (g V„ the natural pro- 
jection. If ^'(z) is a solution to the qKZ equation with values in Vi ig) . . . ig) then S'^{z) is a solution 
to the qKZ equation with values in (g . . . (g y„ . 

This observation shows that the previous constructions give all solution to the qKZ equation with 
values in {Vi (g . . . (g Vn)^ if ^ ^ dimVm for all m = 1, . . . , n . Moreover, the space of solutions to 
the qKZ equation with values in (Vi g) . . . (g Vn)f in this case is identified with the space {Vl (g . . . (g 
^n)e ® ^ where Vf^ . . is the tensor product of the corresponding irreducible [/5(5l2)-modules, 

and F is the space of functions of zi,. . . ,Zn which are p-periodic with respect to each of the variables. 

In a separate paper we shall explain how the construction of this paper gives all solutions to the qKZ 
equation with values in a tensor product of irreducible 5[2-modules. 

6. Asymptotic solutions to the qKZ equation 

One of the most important characteristics of a differential equation is the monodromy group of its 
solutions. For the differential KZ equation with values in a tensor product of representations of a simple 
Lie algebra its monodromy group is described in terms of the corresponding quantum group. This fact 
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establishes a remarkable connection between representation theories of simple Lie algebras and their 
quantum groups, see [K], [D2], [KL], [SV2], [V2], [V4]. 

The substitution of the monodromy group for difference equations is the set of transition functions 
between asymptotic solutions. For a difference equation one defines suitable asymptotic zones in the 
domain of the definition of the equation and then an asymptotic solution for every zone. Thus, for every 
pair of asymptotic zones one gets a transition function between the corresponding asymptotic solutions. 

In this section we describe asymptotic zones, asymptotic solutions, and their transition functions for 
the qKZ equation with values in a tensor product of sl2-modules when the parameter k is different 
from 1 . A remarkable fact is that the transition functions are described in terms of the trigonometric 
i?-matrices acting in the tensor product of the corresponding C/(j(s[2)-modules. This fact establishes a 
correspondence between representation theories of Yangians and quantum loop algebras, since the qKZ 
equation is defined in terms of the rational i?-matrix action in the tensor product of s[2-modules (and, 
therefore, in terms of the Yangian action), and the trigonometric i?-matrix action in the tensor product 
of f7q(s[2)-modulcs is defined in terms of the action of the quantum loop algebra. 

Let F be a vector space of dimension N for some . Consider an integrable system of difference 
equations for a valued function ^{zi, . . . , Zn) ■ 

(6.1) ^'(-^1, ■ ■ ■ , Zm + P, ■ ■ ■ , Zn) = Am(zi, . . . , Zn)^{zi, . . . , Zn) , m = 1, . . . ,71 . 

Let A be a domain in C". Say that a basis \E'i, . . . , ^'jv of solutions to system (6.1) form an asymptotic 
solution in the domain if 

(6.2) ^j{z) = exp( J2 ajmZm/p) [[ (zi - ZmP'"" {Vj + o(l)) , 

where ajm and bjim are suitable numbers, vi, . . . ,vn are vectors which form a basis in V , and o(l) 
tends to as 2 tends to infinity in A. We will call the domain an asymptotic zone. 

Consider the qKZ equation with parameter k ^ 1 and values in (Vi . . . (8 14)^ . We describe its 

asymptotic solutions in suitable asymptotic zones. 

For every permutation t G S" we consider an asymptotic zone A,- in C" given by 

(6.3) A^ = e C" I Re Zr, <^ . . . <^ Bje ZrJ . 

Say that ^ — > oo in A^ if Re{zr^ — Zr^_^i) — > — oo for all m = 1, . . . , n — 1 . 

Recall that for every permutation r G S" we constructed a basis W[ , I G Z" , in the trigonometric 
hypergeometric space. This basis defines a basis "ifwi , t G Z^ , of solutions to the qKZ equation, cf. 
(5.19). 

(6.4) Theorem. Let p < 0. Assume that the weights Ai,...,A„ obey condition (2.13). Let < 
Im < 27r and, therefore, k ^ 1 . Then for any permutation r G S" the basis , ' € -2" , is an 
asymptotic solution in the asymptotic zone A^ . Namely, 

^W^{Z) = e, exp(M t ImZm/p) n ((-^-^ - ^.^)/p)'^'^'''^"' + '^-^^'"'^' '^-^'^ X 



X 



as z ^ 00 in Ar such that at any moment assumption (2.14) holds. Here \ arg((2:i-, — Zt^)/p)\ < n 
and 0[ is a constant independent of the permutation r and given by 



G, 



n 

i2iYiir{-l/p)-' H [(e'' _ l)(U(U-i)-2UA^)/p ^ 



m=l 



X exp((M + 7ri)(UA„-U(U-l)/2)/p) [] r((2A„ - s)/p) r(-(s + l)/p) 

s=0 

where < arg(e'' — 1) < 27r . 

The theorem is proved in Section 9. 
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Remark. The qKZ operators Km{z) have the following asymptotics in the asymptotic zone , 

Km{z) = K^-^-""^ {1 + 0(1)) , m = l,...,n. 

The vectors F'^fi (g) . . . (g) F^^Vn form an eigenbasis of the operator with eigenvalues k'™ . 

Remark. The qKZ equation and the basis of solutions "^w^ j ' € -2" , depend meromorphically on pa- 
rameters fj,, Ai, . . . , A„ . The asymptotics of the basis vI/vk^ ) i G 2]^ , determine the basis uniquely. 
Namely, if a basis of solutions meromorphically depends on the parameters fj, , Ai , . . . , A„ and has 
asymptotics in described in Theorem 6.4, then such a basis coincides with the basis 'ifw[- In fact, 
elements of any such basis are linear combinations of the functions '^w^ with coefficients meromorphi- 
cally depending on /x , Ai, . . . , A„ and f^-periodic in 01 , . . . , Zn . To preserve the asymptotics one can 
add to an element "^w^ any other functions ^wj^, having smaller asymptotics. If /i < , then one can 
add only the functions ^w^, with [' lexicographically greater than [ , and if /i > , then one can add 
only the functions 'i'w^, with [' lexicographically smaller than [. Since the coefficients of added terms 
arc mcromorphic they have to be zero. 

Example. Theorem 6.4 allows us to write a trigonometric i?-matrix as an infinite product of rational 
i?-matrices. Namely, consider the qKZ equation with values in the tensor product of two sl2 Verma 
modules Vi (g 1^2 • Then there arc two asymptotic zones Re zi <C Re Z2 and Re zi Re Z2 . Our result 
on the transition function from the first asymptotic zone to the second one is the following statement. 

For any sl2 Verma module V let be Uq{si2) Verma module corresponding to V . Let A be the 
highest weight of module V and let v, be the respective generating vectors of modules V, V^. Define 
a map G : V ^ : 

l-i 

G: F^v ^ Fy H r(l + {s- 2k) Ip) T{1 + {s + l)/p) . 

s=0 

Let p, be complex numbers such that p < and < Im < 27r . Let q = e^^^^. Set 
Rv^vS^''' l^'P) = exp(/ia;(id O H)/p) iJ^^y^W exp(-/ia;(id O H)/p) . 

and J{s,n) = {G G) {-is{e^'/^ - e't"'^))^"®"'" , where | arg(-i(e'^/2 - e-^/2))| <7r/2. Then 

r= — s 

Here the factors of the product arc ordered in such a way that r grows from right to left. 

Notice that the minus sign in the argument of the it!-matrix in the right hand side of formula (6.5) 
above reflects the fact that we use the coproducts A and A' for the Yangian 1^(0 and the quantum 
loop algebra J/g(£|l2) which are in a sense opposite to each other. 

The restriction of formula (6.5) to the weight subspace {Vi ® V2)i of weight Ai + A2 — 1 can be 
transformed to the infinite product formula for 2x2 matrices (cf. [RF]), which looks as follows. 

Let a, 6, c, d, d be complex numbers, Re 1? > . Set A = \/a'^ — be , 

, f I Q \ ., . I ( a + u b 

h = ( . J , A{u) = ' 



-1 J ' d + u V c a-u^ 

and A{u;d) = A(w)t?-"''. Assume that -be + s(s + 2a) for any s G Z. Then 



5 

^lim (s-"''/i* ( JJ A(u-Fr;7?)) /i"s«^) = A«(u) 



where the factors of the product are ordered in such a way that r grows from right to left and 



_l sm(.(a + «)) r(l + a + A)r(l + a-A) ^ 

sm(7r(d + u)) ^c(i9 + i9-i^-2« 



Vr(l + A-a)r(l--A^ sin(.(a-.)) ^ 



33 



Theorem 6.4 admits the following generalization. Fix a nonnegative integer k not greater than n . 
Let no, . . . ,nk be nonnegative integers such that 

= no < ni < . . . < n/j = n . 

Set 

Ani_i+i,---,A„,;Z] and = J^q[z 

fe 

Then for any nonnegative integers £i,. . . ,£k such that X] = ^ we have embeddings 

i=l 

. . . ® jr'=[4] ^ JT and J^^[£i] ® . . . jr'=[4] ^ :Fg 

with respect to the tensor products introduced in Section 4. We consider an asymptotic zone in C" 
given by 

A" = {2; e C" I Re ^„ji Re Zruk , 

for all mi, ... , m/j such that n,_i < m, < rij , i = 1, . . . , fc} . 

We say that 2 ^ 00 in A" if Re(2;; — Zm) —00 for all I, m such that ni_i < I ^ rii < m ^ Ui+i for 
some i = 1, . . . , fc — 1 , and 2; — Zm remains bounded for all I, m such that rij-i < m < rij for some 
i = 1, . . . , fc 

For any W € .^*[^] let '^'wizm^i+i, ■ ■ ■ ,Zni) be the solution to the qKZ equation with values in 
(X" • • • (X" KJ; corresponding to W (of. (5.19)). 

(6.6) Theorem. Let p < 0. Assume that the weights Ai,...,A„ obey condition (2.13). Let < 
Im < 27r and, therefore, k ^ 1 . Let £\,...,£k he nonnegative integers such that ii + . . . + ik = £■ 
Let Wi e , i = l,...,k. Let W = Wi* ...*Wk. Then the sohition *vf(^i, • • • , Zn) to the qKZ 

equation with values in {Vi . . . ® ^n)i has the following asymptotics as 2; — > 00 in A" such that at 
any moment assumption (2.14) holds: 

^w{zi,...,Zn) = ^ , , n {i^n,-Zn,)/p) ""^^^ ""^^^ X 

X {-^Wi (21, . . . , 2:„J O . . . O *W^fc (^^rifc-i + l, • • • , 2:^) + 0(1)) . 

Here Fi = {nj_i + 1, . . . , rii} and | arg((2;; - Zm)/v) | < tt . 

Theorem 6.4 for r = id follows from Tlicorcm 6.6 for A; = n so that nj = j , j = 0, . . . ,n , and 
the first formula in (5.17). Theorem 6.4 for a general permutation r reduces to the same theorem for 
r = id . 

Theorem 6.6 follows from the next statement on asymptotics of the hypergeometric pairing. 

(6.7) Theorem. Let p < 0. Assume that the weights Ai,...,A„ obey condition (2.13). Let < 

Im /i < 27r and, therefore, k ^ 1 . Let £1, . . . ,£k d,nd £[,...,£'). be nonnegative integers such that ii + 
...+£k=£ and £[ + ... + £',, = £. Let Wi€ and Wi € Tl{£\\ , i = l,...,k. Let w = wi-k...-k 

Wk and W = W\ * ... * Wk ■ Then the hypergeometric integral I{W, w) has the following asymptotics 
as 2; — > 00 in A" so that at any moment assumption (2.14) holds: 



Here Fi = {rij-i + l,...,ni} , \ arg((zi - Zm)/p) \ < tt and Si m is the Kronecker symbol. 

Remark. In a separate paper we will describe asymptotic zones and asymptotic solutions for the qKZ 
equation, if the parameter k of the equation equals 1 . In this case the asymptotic zones are essentially 
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the same as the asymptotic zones for the XZ differential equation and the asymptotic solutions are 
similar, cf. [V4]. If k = 1 , then the asymptotic zones of the qKZ equation are labelled by permutations 
in S" and suitable planar trees T . For every permutation r and a tree T we define an asymptotic zone 
and a basis ^t,t in the space of singular vectors (ViiE"- • -^V^)!™^, a basis of "iterated singular vectors", 
see [V4] . For every permutation r and a tree T we also define a basis Wt,t in the singular trigonometric 
hypergeometric space. This basis defines a basis of solutions to the qKZ equation with values in (Vi (g) 
■ ■■'Si VnY^"^- This basis gives an asymptotic solution to the qKZ equation in the asymptotic zone 
corresponding the permutation and the tree. Moreover, the leading terms of asymptotics in this case 
are proportional to elements of the basis ^t,t and the coefficients of proportionality are products of 
powers of linear func;tions like in (6.2) with no exponential factors unlike in the case of k 1 ■ 
If K = 1 then the qKZ operators Km{z) have the following asymptotics 

Km{z) = 1 + o{l)m , m = 1, . . . , n , 

as all differences Zi — zj tend to infinity. In every asymptotic zone the leading terms of 0(1)^ form a 
system of commuting operators, see (2.2.3) in [V4]. The vectors of the basis ^t,t form an eigenbasis 
of those commuting operators. 

As an illustrating example consider the equation f{z + p) = (1 + a/z)f{z) . The equation has a 
solution T(^{z + a)/p)/T[z/p) with asymptotics {z/p)'^/^ as z tends to infinity. 

7. Quasiclassical asymptotics 

Consider a system of difference equations 

^(zi, . . . , Zm + P, ■ ■ ■ , z„) = A'^"'(zi, . . . , z„; /i) '^{zi, . . . , z„) , TO = 1, . . . ,n, 

depending on a parameter h and assume that 

(7.1) A('")(0i//i,...,V/i;/i) = l + /iB(™)(0i,...,z„)+o(/i) 

as /i — > . Introduce new coordinates ym = hzm , m = 1, . . . , n , and a new function 

*(yi,...,y„) = *(yi//i,...,t/„//i). 
Then the system of difference equations takes the form 

*(2/i,---,ym + /ip,---,2/n) = (l + /iB(")(2/i,...,t/„)+o(/i))*(t/i,...,y„), 
TO = 1, . . . , n , and turns into a system of differential equations 

P-^ — *(yi,...,t/„) = B(™)(yi,...,y„)*(?/i,...,t/„), to= l,...,n, 

as h tends to zero. We call this system of differential equations the quasiclassical asymptotics of the 
initial system of difference equations. 

Consider the qKZ equation with values in (Vl . . . Vn)^ and parameter k = e'"' where is a 
given number and h is an additional parameter. Then the qKZ equation has property (7.1) and its 
quasiclassical asymptotics is the KZ differential equation 

P-^ — *(2/i,-.-,yn) = ?7Fm*(yi,...,2/„) + ^ ^ 4'(yi,...,2/„), 

oym ym yi 

TO = 1, . . . , n , where ilim = ^AiAm - 2HiHm - EiFm - FiEm ■ 

In the previous sections we constructed solutions to the qKZ equation. The solutions were labelled by 
elements of a suitable subspace of a tensor product of [/^(s [2) -modules. We show that these solutions have 
quasiclassical asymptotics and turn into the hypergeometric solutions to the KZ differential equation 
which are described in [SVl] . To show this fact we study quasiclassical asymptotics of the hypergeometric 
pairing. 
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Let ft, be a real positive number. Assume that Im q ^ . We connect the parameter jj, in the phase 
function (2.5) with the parameter rj by an equation fj, = hr] . 

The case Im 7/ < can be treated similarly. The parameters fi and ry have to be connected by an 
equation n = 2m — hr] , if Imt] <0 . 

The asymptotics (2.6) of the phase function of a primitive factor gives the following asymptotics for 
the phase function (2.5) as /i +0: 

(7.2) ^u/h,ylh) = h' " ^(u,y){l + o{l)), 
where 

~ i "' ^' 

(7.3) $(ui,...,u^,yi,...,y„) = exp(7yX;ua/p) ((ua-y^)/]?)^"^"^^ J| ((«« - Wb)/^)"^^^- 

"•—^ m=l a=l \^a<h^i 

Here we fix a branch of the function {x/p)°' by | arg(a;/p)| < tt. 
Consider a domain Y given by 

(7.4) Y = {ye C" I Imyi < ... <Imy„}. 
For every y € Y and each m = 1, . . . , n we consider an imaginary interval 

Um = {a; e C I Re u = , Im ym-i < Im a; < Im , yo = -ioo , 

and a chain 



Um = ^exp(47ri E Afc/p)U 



For any [ e .2" we define a chain ILJ[ in the imaginary subspace in by 

U[ = Ui X . . . X Ui X . . . X U„ X . . . X U„ . 

^ V ' V ' 

ll In 

For any [ e we also define a rational function wi{u, y) by 

n 

(7.5) u;[(ui,...,u^,yi,...,y„) = X] II (^"^O"^ J\_{uaa. - VmT^ 

ires'- rn=l aeT^ 

where = {1 + , • ■ • , C" } , m = 1, . . . , n . 

(7.6) Theorem. Let p < . Let Re < and let Re y^ = for all m = 1, . . . ,n . Let ji = h-q , 
Im ?7 > . Then for any l,m G the hypergeometric integral 7(W[, Wm) has the following asymptotics 
as /i — > +0 and y e Y : 

sm(7rs/p) 

m=l s=l ^ ' ' 

" f ~ 

X exp(7r» E A„^(r-l + r - 2^)/p) / $(w, y)tZ;^(u, y)ci^u (l + o(l)) . 

m=l J 

Remark. Recall that the hypergeometric integral I{W(,Wm) is defined by (5.3), the functions Wi and 
Wm are given by formulae (2.26) and (2.19), respectively, and we replace in these formulae zi,. . . ,Zn 
by yi/h,...,yn/h. 

For any [ e Z^~^ consider a domain Ui in the imaginary subspace in defined by 

(7.7) U[ = {u e I Re«a = 0, a = !,...,£, 

Im ym < Im ■Ui_,_[m-i ^ . . . < Im U[m ^ Im ym+i , m = 1, . . . ,n - 1} . 
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(7.8) Theorem. Let p < . Let Re < and let Re = for all m = 1, . . . , n . Let ^ — hij , 
Imry = 0. Then for any I e 2^~^ and any m € 2^ the hypergeometric integral I{Wi,Wxn) has the 
following asymptotics as h ^ +0 and y gY: 

, e(e-i-2 f: A„)/p 

I{Wi,Wra) = {2iYe\h -=i X 



exp(27ri E A„(£- r-i)/p) / ^u,y)wra{u,y)d^u {l + o{l)) . 

m=l J 



Remark. Recall that the hypergeometric integral I{Wi, Wm) is defined by (5.3), the functions W( and 
Wm arc given by formulae (2.27) and (2.19), respectively, and we replace in those formulae zi,. . . ,Zn 

by yi/h,...,yn/h. 

Theorems 7.6 and 7.8 essentially follow from formulae (2.26), (2.27) and (7.2). 

(7.9) Conjecture. TJie claims of Theorems 7.6 and 7.8 remain valid for any Ai, . . . , A„ which obey 
condition (2.13) if other assumptions of the theorems hold and the integrals in the right hand sides of 
(7.6), (7.8) are defined by analytic continuation. 

Remark. If 77 = , that is k = 1 , then the limiting phase function (7.3) has no exponential factor and 
is a product of powers of linear functions. In particular, if the numbers Am/p and 2/p are all rational, 
then the limiting integral is an integral of an algebraic function. From this point of view our initial 
hypergeometric integrals are a deformation of periods of algebraic differential forms, and the subject of 
our study is a p -deformation of algebraic geometry. 

8. The one-dimensional case 

In this section we consider in details the one-dimensional case £ = 1 . So we consider the affine 
projection tt : C^+" — > C" and a discrete rational s[2-type local system on C^+" and study its 
dc Rham complex. Our main goal of doing this is methodological. Since this case is technically simpler 
than the general case, the ideas of the proofs become more clear and visual. The case £ = 1 can be 
viewed as a p-deformation of the following example. 

Let zi . . . . , z„ be pairwise distinct points in C . Let be the space of rational functions in t which 
arc regular in C \ {zi, . . . , Zn} . Consider the holomorphic do Rham complex fi* on C \ {zi, . . . , z„} 

^ n 

with coefhcients in associated with the differential V = d-|-wA-, u = rjdt + ^ /^m'^m ; where 

m=l 

= dt/{t - Zm) ■ 

(8.1) Theorem. Let rj ^ . Then for generic Ai,...,A„ the forms wi,...,^;^ form a basis in 
For T] = the differential of 1 gives a relation in (f2* , V) 

n 

(8.2) ^ X^Um ~ . 

m=l 

(8.3) Theorem. Let 77 = 0. Then for generic Ai,...,A„ the forms a;i,...,w„ span H^{Cl','V). 

Moreover, relation (8.2) is the only independent relation between them. 

Let zi, . . . ,2„ e iM, Im zi < ... < Im 2„ , zq = —ioo, Zn+i = +ioo . Consider the following 
intervals: 

Ik = {t G C \ Bet = , Im Zk ^Imt ^Im Zk+i } , k = 0, . . . ,n . 

Set 

/n 
exp{r]t) n {t- Zm)^"'i^ 
m=l 

Ik 

(the integral must be appropriately regularized). Here we assume that ^ arg(t — Zm) < , thus fixing 
a branch of the integrand. The intervals Ik become linear functionals on the space of differential forms. 
For a function / we have 

4(V/) = 0, fc = 0,...,n. 

This means that the linear functionals on differential forms defined by intervals Ik can be considered as 
elements of the space Hi (f2* , V) of linear functionals on (f2* , V) . 



37 



(8.4) Theorem. Let Ai,...,A„ be generic. Then 

a) For any rj , Im 77 > , the intervals /i , . . . , J„ form a basis in Hi (ft' , V) . 

b) For any 77 , Im 77 < , the intervals Iq, . . . , /„-i form a basis in Hi{n' , V) . 

(8.5) Theorem. Let r] — . Let Ai, . . . , A„ be generic. Then the intervals /i, . . . , In-i form a basis 
in ifi(f2*,V). 

Remark. Theorems 8.4 and 8.5 follow from elementary topological considerations. Theorem 8.5 can be 
also deduced from the following formula [VI] : 

/A; " -in-1 n " 

Hit- ^m)^"* dt = r(i + E A™)-^ n r(i + Xm)l[izi- Zmf-- . 
t Zl m=l ^k,l-l rn=l 

One- dimensional discrete cohomologies 

Consider the affine projection tt : C^"*"" ^ C" and a discrete rational 5[2-type local system on C"'^"'"" . 
In this case the connection coefficients are equal to 



n , . 
/ , \ TT t ^jjj + 

ipi{t,Z) 



t — 

m=l 



m = 1, . . . , n , and the phase function takes the form 

ro '7\ if.u\ / ^ TT ^((t - + ^m) /p) 

^'■'^ = ^^p^^*/^) n Tiit-z^-A^)/p) ■ 

The functional space T is the space of rational functions in t and zi, . . . ,Zn with at most simple poles 
at the following hyperplanes 

t = Zm-A^ + {s + l)p, t = Zm + Arn-Sp, 

m = l,...,n, s e Z^o • The rational hypergeometric space J- C J- is the subspace consisting of 
functions of the form 



1 

P{t,Zi,...,Zn) JJ 7— 



^ t Zm AjYi 

where P is a polynomial of degree less than n in the variable t . The discriminant B C C" is the union 
of the hyperplanes 

Zl - Zjn + Ai + = pS , S&l,, 

l,m, = 1, . . . ,n , Z ^ m , in the base space C" . 

To simpliiy notations in this section we write Wm{t, z) instead of z) . Recall that 

(8.8) Wmit,zi,...,Zn) = — T— TT I — ^' ^' , m = l,...,n. 

t- Zm - Am ^^.^ t- Zl - Al 

(8.9) Lemma, (ci. (2.20)) For any z G B the functions wi, . . . , Wn restricted to a fiber over z form a 
basis in the rational hypergeometric space J^{z) of the fiber. 

Proof. Consider functions 

n ^ 

9m{t,z) = t""-^ Y[ TZ T^' m = l,...,n. 

m=l ^"^ ™ 
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Their restrictions to a fiber over z form a basis of the space T(z) . Define a matrix M(z) by 

n 

Wl{t,z) = ^ Mim{z)gm{t,z) , I = 1, . . . ,71 . 

m=l 

The lemma follows from the formula 

(8.10) det M = Y[ i^i -Ai-Zm- Am) ■ 

The last formula is similar to the Vandermonde determinant formula. □ 

n 

The coboundary subspace 1Z{z) is one-dimensional and is spanned by J2 ■'^m^m • Relation (2.21) 

m=l 

has the form 

n 

(8.11) D{z)-1 = 2 ^ AmWmdt, 

m=l 

where D{z) is the differential of the de Rham complex of a fiber over z . Consider the de Rham complex 
of the fiber, 

^ n°{z) ^ n\z) ^0. 
Let 'H{z) C H^{z) be the image of the rational hypergeometric space of the fiber. 

(8.12) Theorem. Let £ = 1 . Let k ^ 1 . Assume that p < and 2Am ^ for any m = 1, . . . , n . 
Let zeM. Then dimn{z) = n, that is n{z) ~ J^{z) . 

(8.13) Theorem. Let £ = 1 . Let k = 1 . Assume that p < and ^A^ pZ for any m = 1, . . . ,n. 

n 

Let z eM. If Am ^ p'^<o , then dimn{z) = n - 1 , that is n{z) ~ T{z)/'R{z) . 

jn=l 

Theorems 8.12 and 8.13 can be proved by rather straightforward calculations. Nevertheless, we will 
give further another proof which can be naturally extended to the general case. 

Remark. Assume that the weights Ai, . . . , A„ are such that 2Am ^ p'^^o for any m = 1, . . . ,n. Let 
z E R . Then it is easy to check the following. 

a) If K ^ 1 , then we have 7Y(z) = H^{z) and dimH{z) = n. 

n 

b) If K = 1 and 2Y,Am ^ pZ<o , then also n{z) = H^{z) , but dimW(2;) = n - 1. 

m=l 

Otherwise, we have dim J?^(z)/H(z) = 1 and 6xmTL{z) can be n — 2 or n — 1 . 

One- dimensional discrete homologies 

The trigonometric hypergeometric space Tq is the space of functions of the form 



m=l 



sm 



{lT{t - Zm- Am)/p) 



where 

^ = exp(27rzt/p) , Cm = exp(27riz„/p) , 

and P is a polynomial of degree less than n in the variable ^ . 

We write Wm{t,z) instead of W^c(m)(*;-2) and Wjn{t,z) instead of W^e(m)(i; -2) • Recall that 

(8 14) W {t zi z) = 6^pH(^"'~*)/p) TT sin(7r(t -Zm + Am)/p) 

' " sin(7r(t - 2;^ - A„)/p) ^^^^ sin(7r(t - 2:„j - A„)/p) ' 

m = 1, . . . , n, and 

(8.15) Wm = Wm exp{-niAm/p) - W^+i exp(7riA„+i/p) , m = l,...,n-l. 
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(8.16) Lemma, (cf. (2.28)) For any z G IB the functions Wi, . . . , Wn restricted to a fiber over z form 
a basis in the trigonometric hypergeometric space Tq{z) of the fiber. 

Proof. Consider functions 

C?„(i,z) = exp(27rz(m-l)t/p) [] 2 . ^^p(-^»Vp) m=l,...,n. 

The restrictions of these functions to a fiber over z form a basis of the space Tq{z) . Define a matrix 
Mi{z) by 

n 

Wi{t,z)=Y,M^m^^)G^{t,z), 1 = 1,. ..,n. 

m=l 

The lemma follows from the formula 

det Ml = (2i)"(i-")/' exp(7ri £ ^m/p) H ^i^l^^^^' -Ki-z^- Am)/p) , 

(cf. (8.10)). □ 

(8.17) Lemma, (cf. (2.29)) For any z € B the functions Wi, . . . , Wn-i restricted to a fiber over z 
form a basis in the singular trigonometric hypergeometric space ^^""9 ^j^^ fiber. 

The proof is similar to the proof of Lemma 8.16. 



Let I be the imaginary axis in the space C with coordinate t oriented from —zoo to +ioo . Recall 
that the hypergeometric integral 7(W, w) for functions w G J^{z) , W G J^q{z) is defined as the analytic 
continuation of the integral 

(8.18) I{W,w) = I <^{t)w{t)W{t)dt 



with respect to Ai, . . . , A„ and zi, . . . ,z„, starting from large real negative Ai, . . . , A„ and imaginary 
Zi, . . . ,Zn. The analytic continuation can be written as an integral over a deformed imaginary space 

(8.19) I{W,w) = j m)w{t)W{t)dt. 

I 

The deformation of the imaginary space is not unique. Below we describe an example of the deformed 
imaginary axis I which is involved in the integral (8.19). 
The deformed imaginary axis I is a sum of three terms: 

(8.20) I=T+C'" + C", 
which are defined below. First we assume that all the points 

(8.21) Zm ± (Am + sp) , m = 1, . . . , n , s e Z^o , 

are not imaginary. In this case we set 1 = 1. To define the terms consider the following sets: 

Z"^ = {zm + Am +ps I 'Re{zm + Am + ps) > Q , m = 1, . . . ,n, s e Z^o} , 

Z~ = {zm - Am-ps\ 'Re{zm - Am - ps) < Q , m=l,...,n, s e Z^o} , 

Z+ = {zm - Am-ps \ Re{zm - Am - ps) > , m = 1, . . . ,n, s e Z^o} , 

Z_ = {zm + Am +ps \ Re{zm + Am + ps) < , m = 1, . . . ,n, S € Z^o} • 

We define C"*" to be the sum of small circles with centers at the points of Z"*" oriented anticlockwise. 
Similarly, C~ is the union of small circles with centers at the points of Z~ oriented clockwise. We 
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assume that the circles arc so small that there are no points of the sets Z+ , Z_ inside them and they 
do not intersect the imaginary axis. 

If some of the points (8.21) are imaginary, then we take I to be an appropriate deformation of the 
imaginary axis. Namely, if Re {zm + + ps) = , then we replace the small interval Re i = , 
\Ini{t — Zm — Am — ps) I ^ e , by a small semicircle \t — Zm — A^ — ps\ = e , Re{t — Zm — Am — ps) ^ . 
Similarly, if Re (zm— A^— ps) = , then we replace the small interval Re f = , Im (t—Zm+^m+ps) \ ^ s , 
by a small semicircle \t — Zm+ Am + ps\ = e , Re{t — Zm + Am + ps) ^ . The terms C''' remain the 
same. 

Example. Let n = 1 . In this case the deformed imaginary axis I looks like 



where asterisks and dots stand for points zi + Ai + ps and zi — Ai — ps , s e Zj>o , respectively. 

(8.22) Lemma. Let < Imp < 27r . Then for any l,m = l,...,n the hypergeometric integral 
I{Wi,Wm) can be analytically continued as a univalued holomorphic function of complex variables p, 
Ai, . . . , A„ , zi,. . . ,Zn to the region 

p<0, z€M, 2Am^pZ^o, m = l,...,n. 

Proof. The only thing to be shown is convca-gcnicx; of the integral in the right hand side of formula (5.1) 
for functions W = Wi , w = Wm ■ The convergence is clear since 

2 E A™/p 

^(t) = t "=1 ex.p{ij,t/p) (1 + o(l)) , t ±ioo , 

and therefore, under the assumptions of the lemma the integrand decays exponentially as t goes to 
infinity. □ 

(8.23) Lemma. Let Im /i = . TJien for any 1 = 1,..., n—1 , m = 1, . . . ,n the hypergeometric integral 
I{Wi,Wm) can be analytically continued as a univalued holomorphic function of complex variables p, 
Ai, . . . , A„ , zi,. . . ,Zn to the region 



p < , zgM, 2Am ^ pZ^o , m = 1 



The proof is similar to the proof of the previous lemma. 

In what follows we need to consider the hypergeometric integral I{W, w) for functions w from the 
functional space J^{z) of a fiber. The definition is similar to the definition of the hypergeometric integral 
for w e J^{z) . Below we describe explicitly the analytic continuation of the hypergeometric integral 
I{W, w) for any function w G ^{z) as an integral over a suitable deformation of the imaginary line. 

For any integer s let I[s] be the deformation of the imaginary axis which is defined similarly to I but 
the parameters Ai, . . . , A„ are replaced by Ai + ps, . . . , A„ + ps , respectively. In particular, I[0] = I . 

For a function w G jF{z) we have 

(8.24) I{W,w) = j m)w{t)W{t)dt 

l[s] 

where the integer s is chosen so that the integrand has no poles at the points Zm ± (Am +pr) for r < s , 
r e Z . Under this assumption the right hand side of (8.24) does not depend on s . 

Let D^{z) = {Dw\wG ^{z)} . 
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(8.25) Lemma. Let either < Im < 27r and W ^ Tq{z) or ij. = and W G T^^^^{z) . Assume that 
p < and 2A„i ^ pZ for any ra = 1, . . . , n . Let z G IB . Then 

a) The hypergeometric integral I{W, w) is well defined for any function w G iF{z) . 

b) The hypergeometric integral I{W, w) equals zero for any function w G DT{z) . 

Proof. The proof of claim a) is similar to the proof of Lemma 8.22. Claim b) follows from the next 
observation. Let Ij,[s] be the contour obtained from l[s\ by the translation t + p. Then for a given 
function w € T{z) and a large negative s the contour I[s] and Ip[s] are homologous in the complement 
of the set of poles of the function ^{t)w{t)W(€) . □ 

(8.26) Lemma. Let fx = . Assume that p < and 2Am ^ pZ^o for any m = 1, . . . ,n. Then the 

hypergeometric integral I{W, w) equals zero for any w G 'TZ{z) and W G J-'g^"^{z) . 

Proof. The lemma follows from formula (8.11) and Lemma 8.25. □ 

The hypergeometric integral defines linear functionals I{W, •) on the functional space of a fiber. 
Lemma 8.25 means that these linear functions can be considered as elements of the homology group 
Hi{z) , the dual space to the cohomology group of the de Rham complex of the discrete local system of 
the fiber. 

Let W be any element of the trigonometric hypergeometric space !Fq . Let W\z G ^q{z) be its 
restriciton to a fiber. Consider an element s-^{z) = I{W\z, •) of the homology group H\{z) . 

(8.27) Theorem, (cf. (5.18)) Let I = I . Let either Q < Im n < 21^ and W G or n = Q and 

W e jr^™a Assume that p < and 2Am ^ pZ for any m = 1, . . . ,n. Then the section s^^ is a 

periodic section with respect to the Gauss-Manin connection. 

Proof. Let the contour Irn[s] be defined similar to I[s] but the parameter Zm is replaced by Zm — p ■ 
The statement of the theorem means that for any function w G T{z) and each m = 1, . . . ,n we have 
the equality 

I{W,w) = j ^{t)w{t)W{t)dt, 

where s is a sufficiently large negative integer. The last equality holds since the integrand <^{t) w{t) W{t) 
has no poles separating the contours Im[s] and I[s] . □ 

Consider a section "if^r of the trivial bundle over C" with fiber (Vi (8) . . . (8) V^)^ : 

n 

^w{z) = ^I{W\z,Wm\z)vi(gl...<ElFv jjj (X) • . • fx) Vn ■ 

m— 1 

(8.28) Corollary, (cf. (5.20)) The section "i/w is a solution to the qKZ equation. 

Our further strategy is as follows. First we show that if < Im < 27r , then the basis of sections 
'^Wm ) ?Ti = 1, . . . , n , is an asymptotic solution to the qKZ equation, (cf. Theorem 8.29). Using this fact 
we prove that the hypergeometric pairing I : Tq{z) ® J^{z) ^ C is nondegcnerate if < Im /i < 2tt (cf. 
Theorem 8.33). Studying the asymptotic behaviour of the hypergeometric integral as /x tends to zero we 
will show that for fj, = the hypergeometric pairing 7°: Tq^^^ {z) ^ J^{z)/TZ{z) — > C is nondegenerate 
(cf. Theorem 8.34). At the end of the section we will describe the quasiclassical asymptotics of the 
hypergeometric integral for £ = 1 (cf. Theorems 8.39, 8.40). 

For every permutation r G S" , consider the asymptotic zone in C" given by 

A,- = {z G C" I Re z„ < . . . < Rc } , 

and say that z ^ oo in A,- if Re (z^^ — Zt^^-^) — > — oo for all m = 1, . . . , n — 1 . 

(8.29) Theorem, (cf. (6.4)) Let £ = 1. Let < Im /x < 27r and, therefore, I. Assume that p <0 
and 2Am ^ pZ for any m = 1, . . . , n . Then for any permutation r G S" the basis '^w^ , m = 1, . . . , 
n , is an asymptotic solution in the asymptotic zone A^ . Namely, 

"i^W^iz) = Qm.expilJ'Zm/p) [[ {{Zr,-Zm)/p) [[ {{Zm-Zr,)/p) "'X 

X (ui O . . . O FVm O . • . O + o(l)) . 
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as z ^ oo in so that z e B at any moment. Here \ arg((2;/j — zi)/p) \ < n and Qm is a constant 
independent of the permutation r and given by 

Qm = 2^(6" - l)-2An./P exp((/. + Tri)Am/p) r(2A„/p) , 

where ^ arg(e^ — 1) < 27r . 

Proof. To simplify notations we will give a proof only for r = id . A simple but important fact is that 
for any W G J\j 

(8.30) ■^w{zi+P,...,Zn+p) = K-^w{zi,--.,Zn). 

It allows us to fix freely the real part of one of the coordinates zi, . . . , z„ . 

Consider the hypergeometric integral I{Wm,Wm) ■ The corresponding integrand ^{t)wm{t)Wm{t) 
can be rewritten as follows: 

(8.31) <^{t)wm{t)Wm{t) = {-TTpy^ exp{{ii-m)t/p + nizm/p) X 

X T{{t -Zm + Am)/p) ^{{Zm + Am - t)/p) X 

yr r((3,+A/-/)/p) ^ r((^- -7 + A;)/;;) 

This function has no poles at points zi — Ai — sp, sSZ,for l<m and has no poles at points zi+Ai+sp, 
s e Z, for I > m. Moreover, due to (8.30), without loss of generality, we can assume that z tends to 
infinity in Ajd so that Re z; — oo for I < m , Re z„i remain finite, and Re zi +oo for I > m, . 
Under this assumption the integrand has no poles at the points Z( + A; + sp , s G Z , for I < m in the 
halfplane Re f > and has no poles at the points zi — Ki — sp, s e Z , for I > m in the halfplane 
Re t < . Therefore, we can "straighten" the contour and write 

(8.32) HWra^Wra) = J ^t) W^{t)Wra{t) dt 

where the contour is the contour defined above for analytic continuation of the integral 

j exp((At - TTi)t/p) r{{t -Zm+ Am)/p)T{{zm + A„ - t)/p) dt . 

I 

The remaining part of the calculation is a standard exercise. We replace the integrand in the integral 
(8.32) by its asymptotics as z — > oo in Aid and obtain 



I{Wm,Wm) = {-T^P) ^ exp{lJ,Zm/p) {i^l~^rn)/p) {i^rn-Zl)/p) '^X 

j exp((/X - 7ri){t - Zm)/p) T{{t -Zm + Am)/p)T{{Zm - t + Km)/p) dt (l + o(l)) 



X 

In 



The last integral reduces to the Barnes integral (5.16) and is calculated explicitly. Finally, we have 

I{Wm,Wm) = 2i(e^ - l)-2A™/p exp((/x + m)Kmlp) r(2A„/p) exp(/xz„^/p) x 

n {{^l-^m)/pf'''" n {{Zm-Z^)/pf''^''{l + 0{l)), 



X 



as z — > oo in Aid • Here < arg(e'* — 1) < 27r . 
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The hypcrgcomctric integral I{Wm.,wi) for I ^ rn can be treated similarly to the hypergeometric 
integral I{Wm,'Wm) considered above. The final answer is 

I{Wm,Wi) = I{W^,W,n)0{l), 

which completes the proof of Theorem 8.29. □ 

(8.33) Theorem, (cf. (5.14)) Let £ = 1 . Let < Im yu < 27r . Assume that p<0 and 2A„ ^pZ^o for 
any m= 1, . . . , n . Let z gM . Then the hypergeometric pairing I : Tq{z)®T{z) — > C is nondegenerate. 
Moreover, 

Aet[l{WuWm)\l^^^ = (2i)"(e'' - 1) " exp((/x + 7rz) E A„/p + M E ^m/p) x 

' m=l m=l 



X 

m=l 



TT rroA / A TT + A, - + A,,,)/;;) 

11 r(2A„/p) 11 r^(^,_A,-^ -A )h) • 



Here < arg(e'' - 1) < 27r . 

Proof. Denote by F{z) the determinant det[7(Wi,Wm)]"^^ and by (^(.z) the right hand side of the 

formula above. Since for every I = 1, . . . ,n the section is a (Vi (g) . . . (g) V^)j-valued solution to the 
qKZ equation, F{z) solves the next system of difference equations 

(1) 

F{zx,...,Zm + P-,----,Zn) = det Km{zi, . . . , Zn) F{zi, . . . , Zn) ■ 

(1) 

Here detKm{z) stands for the determinant of the operator Km{z) (3.10) acting in the weight subspace 
(14 ... (g) Vn)\ ■ Using formula (3.5) we see that 

deti^T z ) = K T\ ^"^ + ^"^ ~ ^' + ^' + P TT + - 0; + A; 

Therefore, the ratio F{z)/G{z) is a p-periodic function of each of the variables zi,. . . ,Zn'- 

F F 

— (^1, . . . , Zm + P) • • • ) Zn) = ^ (■^l, . . . , 2:^) . 

Theorem 8.29 implies that the ratio F{z)/G{z) tends to 1 as z tends to infinity in the asymptotic zone 
Aid. Hence, this ratio equals 1 identically, which completes the proof. □ 

(8.34) Theorem. Let £ ^ 1 . Let /i = . Assume that p < and 2Am ^ pZ for any m — 1, . . . , 

n 

n . Let z € IB . If 2 E Am ^ pZ<o , then the hypergeometric pairing 1° : T^^^^ {z) ® T{z)l'R.{z) C is 

m— 1 

nondegenerate. Moreover, 

det[J(W^;,«;„)];;;;'^^ = (2i)"-ir(l + 2E A„/p)"'r(l + 2A„/p) X 

' m=l 



TTt-^oa / ^ TT r((z;+Ai -Zm + Am)/p) 
X [[ r(2A„/p) 11 r((2,-A,-z -A )/p) 



Proof. Since both sides of the formula above are analytic functions of Ai, . . . , A„ , it sufiices to prove 
the formula under the assumption 

< 2 E A„/p < 1 . 

m—l 

To prove the theorem we first assume that /i ^ and study the asymptotics of the determinant 
det[/(W;, Wto)]; as ji tends to zero. We will show that 

(8.35) det[/(Wi,w„)];_^^^ = (ip/A„) exp(7rz E Am/pjM x 

' m—l 



r(l + 2E A„/p) ' det [/(#,, zi;^)];;^'^^ (1 + 0(1)) 



m=l 
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as ,u ^ , < arg fj, < n . Due to formula (8.33) the last formula will imply the required formula for 
det[/(m, «;„,)] . 

First we change bases in the rational and trigonometric hypergeometric spaces of a fiber. We set 

w;„ = Wm, m = i,...,n-i, w;, = Wn, 

and 

w'm=Wm, m=l,...,n-l, w'„= T, ^mWm ■ 

m=l 

We have 



(8.36) det [I{W{, w'J] "^^^ = An exp{-m "e Am) det [l{Wi,Wm)] "^^^ • 

' m=l ' 



As /i tends to zero, the entries /(W/, w!^) , l,m = 1, . . . , n—1 , have finite limits I{]^i,Wm) , respectively. 

Similarly, the entries /(W/,w^) , ^ = 1, . . . ,n — 1 , tend to zero since D{z)-1 = 2w'^dt at /i = and, 
therefore, I{Wi,Wn) =0 at /i = . More precisely, we have /(W^,^^) = 0(/i) as /z ^ . The 
behaviour of the entries I{W^, w!^) , m = 1, . . . , n , is described in the next lemma. 

n 

(8.37) Lemma. Let < 2 J2 ^m/p < 1 • Let ^ , 0<arg/x<7r. Tiien 

m=l 

—2 y Am/p " 

I{Wn,Wm) = 2i exp(7riA„/p)M r(2 ^ A„/p) (l + o(l)). 

m=l 

Proof. As t — > —ioo , the integrand of the hypergeometric integral I{Wn, Wm) has the following asymp- 
totics: 

n—l —1+2 V] Am/p 

^t)wm{t)Wnit) = {-2i/p) exp(Mi/P - t^^K/p - ^wi ^ ^m/p) (t/p) (1 + 0(1)) . 

m=l 

Denote by F{t) the left hand side of the equality above and by G{t) the right hand side without the 
factor 1 + o(l) . 

Let s be a positive number such that s > max{ |zi| , . . . , } . Let Ig be the part of the deformed 
imaginary axis I in the halfplane Im t > —s . We have 

-is 

I{Wn,Wm) = {J - J )Git)dt+ J {F{t)-G{t))dt + J F{t)dt. 



-too —IS 



The first integral in the right hand side above can be calculated explicitly since 

„ 

f -1+2 Yl Am/p , n . -2 Yl A„/p , " 

/ eMfJ't/p){t/p) dt/p = -exp(27rt E Am) -""^ r(2 ^ A„/p) , 

J m=l m=l 

—ioo 

and the three other integrals have finite limits as ^ . The lemma is proved. □ 

n 

(8.38) Corollary. Let < 2 A„/p < 1 . Let fx^O, < argju < tt . Then 

m=l 

/«,<) = 2i exp(7riA„/p) ^^ "* r(l + 2 E ^m/p) (l + o(l)). 

Finally, we have 

det[liWl,w'J]l^^^ = det[/(l^,,«;„)];;;t,/(W^;,0 (1 + 0(1)). 

Using formula (8.36) and Corollary 8.38 we get formula (8.35). Theorem 8.34 is proved. □ 

Proof of Theorems 8.12 and 8.13. Theorem 8.12 and 8.13 follow from Theorem 8.33 and 8.34, respec- 
tively, and Lemma 8.25. □ 
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Quasiclassical asymptotics 

Recall that to study the quasiclassical asymptotics of the hypergeometric integral we introduced new 
parameters h and rj = jd/h, and new coordinates u = ht and Dm = hz^ , m = l,...,n. The 
quasiclassical asymptotics of a hypergeometric integral is the asymptotics of the integral as /i — > while 
the coordinates y\,...,yn and the parameter 77 remain fixed. 

For each m = 1, . . . , n we defined an imaginary interval 

Um = {u e C I Re u = , Im Um-i ^ Im u < Im y^} , yo = -ioo , 



a chain 



and a rational function 



Um = ^exp(47ri J2 ^k/p)V, 



1=1 



Set 



Wm{u,yi,...,yn) = — — 
u-yn 



'^{u,yi,---,yn),= exp{r]u/p) {{u-ym)/p) 



2A„/p 



where | arg((u - ym)/p) | < tt . 

(8.39) Theorem, (cf. (7.6)) Let i = 1 . Let p < . Let Re A„ < and let Re y„ = for all m = 1, 

. . . , n . Let = hrj , Im 77 > . Then for any l,m = 1, . . . , n the hypergeometric integral I{Wi,Wm) 
has the following asymptotics as h ^ +0 and y gY: 

I{Wi,Wm) = -"^ih £1 '"^^ exp(-7riA(/p- 27ri ^k/p) ( ^{u,y)wm{u,y)du{l + o{l)) . 

l^k<l J 

Remark. Recall that the hypergeometric integral I{Wi,'Wm) is defined by (5.3) where £ = 1, the 
functions Wi and Wm are given by formulae (8.14) and (8.8), respectively, and we replace in these 
formulae zi,...,Zn by yi/h, yn/h . 

(8.40) Theorem, (cf. (7.8), (7.9)) Let £ = 1. Let p < . Let Re A„ < and Jet Re 2/„ = for 

all m, = 1, . . . , n . Let 11 = hrj , Im 77 = . Then for any Z = 1, . . . , n — 1 and any m = 1, . . . ,n the 
hypergeometric integral I{Wi,'Wm) has the following asymptotics as h ^ +0 and y G Y: 

I{Wi,Wm) = 2ih ^'Si'^'''^ exp(27rz J2 ^k/p) [ ^{u,y)w„,{u,y)du {l + o{l)) . 

l^k^l J 



i+i 



Remark. Recall that the hypergeometric integral I{Wi,Wm) is defined by (5.3), the functions Wi and 
Wm are given by formulae (8.15) and (8.8), respectively, and we replace in these formulae zi,. . . ,Zn by 
yi/h,...,yn/h. 

Remark. The claims of Theorems 8.39 and 8.40 remain valid for any Ai, . . . , A„ such that A„i ^ p'^^o 
for all TO = 1, . . . , n , if the other assumptions of the theorems hold and the integrals in the right hand 
sides of (8.39), (8.40) are regularized in the standard way. We omit the proof since it is not essential for 
our purpose in this paper. 

The idea of the proofs of Theorems 8.39, 8.40 is simple. After a suitable rcnormalization, the quasi- 
classical asymptotics of the function Wi is given by a linear combination of the characteristic functions 
of the intervals Ui , . . . , with the coefficients defined by the chain U; . Similarly, after a suitable 
rcnormalization, the quasiclassical asymptotics of the function Wi is given by the characteristic func- 
tion of the interval Ui+i . Therefore, modulo rcnormalization factors the quasiclassical asymptotics of 
the hypergeometric integrals /(Wi,Wm), I{Wi,Wm) are given by integrals of products of powers of 
linear functions over the chain U; or over the interval U;+i , respectively. 
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Proof of Theorem 8.39. To simplify notations wc will give a proof only for I = m. Consider the hyper- 
geometric integral I{Wm,Wm) ■ It is given by 

(8.41) I{Wm,Wm) = j mWm{t)Wm{t)dt. 

I 

Let /i be a positive number. The factors of the integrand above have the following quasiclassical 
asymptotics as h ^ +0 while the parameter 77 = n/h, the variable u = ht and the coordinates 
Hm = hZm , m = I, . . . ,n , remain fixed: 



^t,Zi,...,Zn) = expiiit/p) H (1 + 0(1)), 

m=l 



Wm{t,Zi,...,Zn) = (1 + 0(1)), 

Wm{t,zi,...,Zn) = '2iexp{27ri{zm-t)/p + 7TiAm/p + 2TTi J2 Afe/p) (1 + 0(1)) 
if Im 2:^ < Im t and 

Wm{t,zi,...,Zn) = -2iexp[-iTiArn/p + ^'^i Ak/p-2'Ki Afc/p) (1 + 0(1)) 

l^k<l l^k<m 

if Im < Im t < Im zi+i , Z = 0, . . . , m — 1 . Here zq = —ioo . 

To compute the quasiclassical asymptotics of the hypergeometric integral I{Wm,Wm) we replace the 
integrand in the right hand side of formula (8.41) by its quasiclassical asymptotics, and after simple 
transformations we obtain that 

I{Wm,Wm) = -2ih £1 exp(-7riA„/p- 27ri Y ^k/p) [ ^{u,y)wm{u,y)du {l + o{l)) . 
This step can be justified in a standard way using the next lemma. 

(8.42) Lemma. Let Re a > . Tiien tJiere is a constant A such that for any real s the following 
estimates hold: 

Ka^ +s2)i-" exp(-7r|s|)r(a + is)r(a-is)| < A, 
\{a'^ + s'^)-°'T{is + a)/T{is-a)\ < A. 
Proof. The required formula follows from the next specialization of the Stirling formula 

I logr(a:) - (a; - 1/2) loga; + a; - logv^ I < Rea;>0, 

where K is some constant [WW]. □ 
Theorem 8.39 is proved. □ 
The proof of Theorem 8.40 is similar to the proof of Theorem 8.39. 

9. The multidimensional case 

This section contains proofs of the statements formulated in Sections 2-7. We start from the lemmas 
which describe bases in the rational and trigonometric hypergeometric spaces of a fiber. 

o 

Proof of Lemmas 2.20, 2.28, 2.29. First wc have to show that fimctions wi , W\ and W[ lie in the 
rational, trigonometric and singular trigonometric hypergeometric spaces, respectively. The arguments 
in all the cases are similar, so we will consider only the rational case. 
It is clear from definiton (2.19) that the function Vin{t,z) has the form 

n I ^ 

Q{ti,...,te,zi,...,zn) Yi n i~z — n 



1 



^=l a=l ^"^ ^"^ l^a<b^e + ^ 
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where Q is a polynomial wliicli has degree less than ri + £ — 1 in each of the variables ti,...,te. 
Furthermore, by construction the function wi as a function of <i, . . . , is invariant with respect to the 
action (2.9) of the symmetric group S^, which means that the polynomial Q is skewsymmetric with 
respect to the variables ti,...,ti. Hence, the polynomial Q is divisible by {ta — h) and the ratio 

is a polynomial which is symmetric in variables ti,. . . ,te and has degree less than n in each of the 
variables ti,. . . ,te; that is the function W( is in the rational hypergeometric space. 

For any [ e (cf. (2.18)), let P[(ui, . . . ,ue) be the following symmetric polynomial 

cres* m=i oer„ 

Here Tm = {1 + I™ ..,["*}, m = l,...,n. Consider the following functions 



nr. + _ + 



m=l a=l l<a<o^^ 



Ti f=i sin(7r(ta - - A„)/p) ^^f^^^^^ sin(7r(ta - tfe + l)/p) 

where = exp(27rito/p) , a = 1, . . . , . Restrictions of the functions gi(t, z) , I £ , to a fiber over 
z form a basis of the rational hypergeometric space of the fiber. Restrictions of the functions Gi{t, z) , 
[ e Z^ , (resp. G\,{t, z) , [ e ) to a fiber over z form a basis of the trigonometric (resp. the singular 

trigonometric) hypergeometric space of the fiber. 
Define matrices M(z) , M«(z) and M{z) by 



wi{t,z) = 


E Mim{z)gm{t,z) , 


I e z^, 








Wi{t,z) = 


E M^Jz)G^{t,z), 


I G Z^, 








Wi{t,z) = 


J2 mra{z)Gm{t,z), 











(9.1) Lemma. (-^ /n+e-s-2\ 

detM = ll H {zi-Ai-Zm-Am + sy ^ 



s=0 l^Km^n 



det M« = (2i)"(-")/-("^n-') exp U £ zjp + ^ " ^) ) 

^ m=l V ^ / ' 



X 



^-1 (n+e-s-2\ 

X H H sin(7r(zz - A, - z„ - A„ + s)/p) ^ ""^ 

s=0 l^;<m^7i 



det M = (2i)(i-")("-2)/2-( n-i ) H H sin(7r(^; _ A; - ^„ - A„ + s)/p) ^ ^ . 

s=0 l<i<m^r; 



Proof. The first and the second formulae are equivalent to Lemmas 5.2 and 2.2 in [T], respectively. The 
third formula can be reduced to the second one by a suitable change of variables. □ 

Lemmas 2.20, 2.28, 2.29 clearly follow from Lemma 9.1. □ 
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Proof of Lemma 2.21. The right hand side of formula (2.21) can be rewritten as 

... r 1 „ £ 



(.2, n n (-^ - E [ ( n 1^1^ n - 

m=l s=0 ceS* m=l a=2 

TT / 1 -TT - + A; \ 

^ ipA*a-^m-Am .Jjj: ta - Zi - Ai J 



where r;„ = {2 + , . . . , r, 1 + r} , m = l, . . . ,n. Set 

„ / , \ _ / ^1 - + Am TT ^1 - - 1 _ , \ TT [ h — Zj + Ai i r tj - tg - 1 

Mt,z) - 11 + l 11 [f,-^,-A, 11 + i 



so that „ „ , A ^ + + 1 

/-(*'^) = 11 u., _A 11 r—TTT " ' 

m=l m=l ^1 ^"^ ™ g=2 ^ ^ 

and expression (9.2) equals 

E{n n (2A™-)/^ENM)n n( , -/-a n r^f^)U- 

fc=l m=l s=0 crSS* m=l aGFJ^j l^i<m 

Lemma 2.21 now follows from the formulae 

(7£S* m=l acrj^ l^;<m 

(of. (2.19)). □ 

Lemmas 4.6, 4.18 follow from formulae (A. 3), (A. 5) in [IK], respectively, and the definitions of the 
evaluation modules, by induction with respect to the number of factors of the tensor products. 
Theorems 4.7, 4.19 follow from formulae (A.5)-(A.8) in [Ko] and Lemmas 4.6, 4.18, respectively. 

Lemmas 4.23, 4.24 follow from formulae (2.19), (2.26) for the rational and trigonometric weight 
functions, respectively, and Lemma 9.1. 

The claims of Theorems 4.25, 4.26 that the maps x ° P Xq ^re intertwiners can be verified 

direcly from formulae (4.1) and (4.14), respectively, though the calculations are cumbersome. These 
claims also follow from Theorems 4.7, 4.19, respectively. The claims that the maps x° P and Xq 
isomorphisms follow from Lemmas 4.23, 4.24, respectively. 

The proofs of Theorems 5.7 and 5.8 are based on the following simple lemma. 

(9.3) Lemma. Consider a configuration of liyperplanes in 

ta = Zm±Am + Sp, ta ^ U ± 1 + Sp , 



1 ^ b < a ^ £ , m = l,...,n, s G Z. The dimensions of all edges of the configuration do not depend 
on p , Ai, . . . , A„ , zi, . . . , z„ provided that assumptions (2.12) -(2.14) hold. 

Proof. The initial configuration of hyperplanes induces a configuration of hyperplanes in any edge of the 
initial configuration. The dimensions of all edges of the initial configuration remain the same if and only 
if all the induced configurations do not have nonstandard coinciding hyperplanes. This is obviously tru(> 
if assumptions (2.12) - (2.14) hold. □ 

This lemma implies that the topology of the complement of configuration (9.3) of hyperplanes in 
remains the same for all p , Ai, . . . , A„ and zi,. . . ,Zn satisfying conditions (2.12) - (2.14). 

Proof of Theorem 5.7. The theorem is proved by induction with respect to the number of integration 
variables in the hypergeometric integral. 
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Recall that the hypergeometric integral I{W(,Wm) is defined by 



if Ai,...,A„ are large negative, (cf. (5.3)). We can replace the imaginary subspace in the last 
formula by any subspace of the form 

(9.4) = {teC^ \ Reta = Xa, a =!,...,£}, 



where xi,. . . ,xi are small pairwise distinct real numbers without changing the integral. 

For the analytic contimiation we move Ai, . . . , A„ , zi, . . . . z„ and p and preserve the integration 
contour I^; as long as it docs not touch the hyperplanes of configuration (5.6). If a hyperplanc 11 of 
configuration (5.6) goes through the integration contour I^; , the integration contour should be deformed 
to avoid the intersection. Deforming the integration contour wo add a tube over the intersection of I^; 
and the hyperplane 11 . The result of the deformation is the sum + l'^ x C^i , where C 11 is a 
suitable subspace of real dimension {£ — 1) , and Cjj is a small circle around the hyperplane 11. For 
example, if 11 is given by an equation t( — Zn — An — ps = , then n has coordinates ti, . . . , t^-i , in 
these coordinates 

l'^ = {telll Reta = Xa, a=l,...,£-l} , 
and the circle Cjj is given by 

Cn = e C I \te - Zn - An - ps\ = p} , 

/o is a small positive number. The analytic continuation of the initial hypergeometric integral I{Wi, Wm) 
equals the sum of two integrals 

j ^t)Wm{t)Wi{t) dh + jB^smt)Wmit)Wi{t))d^-H, 

lit I'x 

and the second integral is of the same type as the first one but of a smaller dimension. Therefore, 
under the analytic continuation the passage of a hyperplane of the configuration through the integration 
contour results in the appearence of a new hypergeometric integral with a smaller number of integrations. 
This reason shows that the hypergeometric integral can be analytically continued to the region described 
in Theorem 5.7. 

Now we show the univaluedness of the hypergeometric integral by induction on the number of inte- 
gration variables. Denote the domain described in Theorem 5.7 by U . Consider its fundamental group 
7ri([/, z*) . The generators of the fundamental group can be chosen in a special form. Namely, for any 
hyperplane 11 lying at the boundary of the domain U choose a curve ccjj in U from the base point 
z* to a generic point of the hyperplane 11 and fix a loop 7jj in U which goes from z* to 11 along 
, then turns around 11 along a small circle /3jj and returns back to z* along the same curve . 
The loops 7jj generate the fundamental group. 

Let us show that the hypergeometric integral I{W(, Wm) has the trivial monodromy under the analytic 
continuation along the curve j^i ■ f&ct, under the analytic continuation from the base point z* to 
the hyperplane 11 along the curve wc create smaller dimensional integrals each time one of the 
hyperplanes of singularities hits the integration contour. Under the analytic continuation of the integral 
along the circle /3jj the hyperplanes of singularities do not touch the integration contour if the point z^i is 

generic. Now under the analytic continuation along the curve a^j from IE to z* we create again smaller 
dimensional integrals each time one of the hyperplanes of singularities hits the integration contour. But 
the corresponding integrals created on the way to 11 and on the way from 11 come with the opposite 
signs. Moreover, they are equal according to the induction assumptions. Hence, the monodromy of the 
integral along the loop 7jj is trivial. Theorem 5.7 is proved. □ 

The proof of Theorem 5.8 is similar to the proof of Theorem 5.7. 
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As in the case £ = 1 we extend the notion of the hypergeometric integral I{W,w) and consider 
the hypergeometric integral for any function w in the functional space J^{z) of a fiber. Namely, let 
w{t, z) e J^{z) be a function of the form 



r n 1, ^ 



n 



Ka<K^ - + 1 + ^P) {ta-h-l-{s + l)p) 

where P is a polynomial. If the real parts of the weights Ai , . . . , A„ are large negative and p is small, 
then we define the hypergeometric integral I{W, w) by formula (5.3). The hypergeometric integral is well 
defined if either < Im /x < 2?? and W G J^q{z) or Im ^ = and W S T^^^^ {z) , since the integrand 
vanishes exponentially at infinity. For generic Ai, . . . , A„ , zi, . . . , z„ and p we define respectively the 
hypergeometric integral I{Wi,w) or the hypergeometric integral I{W[. w) by analytic continuation with 
respect to Ai, . . . , A„ , zi,...,Zn and p . Similar to the proof of Theorem 5.7 one can show that these 
hypergeometric integrals can be analytically continued as holomorphic univalued functions of complex 
variables p, Ai, . . . , A„ , zi, . . . , z„ to the region described in Theorem 5.7. For arbitrary functions 
w e iF{z) , W £ J^q{z) we define the hypergeometric integral by linearity. 

Let D^{z) = {Dw\wG ^{z)} . 

(9.5) Lemma. Let p < . Let (2.12) - (2.14) hold. Let either < Im /x < 27r and W e Tq{z) or 

11 = and W e T,j"'^z) . Then 

a) TJie hypergeometric integral I{W, w) is well defined for any function w £ J^iz) . 

b) The hypergeometric integral I{W, w) equals zero for any function w e DT{z) . 

Proof. Claim a) holds by the definition of the hypergeometric integral I{W^ w) . Claim b) is clear, if the 
real parts of the weights Ai , . . . , A„ are large negative and p is small. Then the analytic continuation 
of the integral gives claim b) for generic p , Ai, An , zi, Zn ■ □ 

Lemma 5.9 follows from Lemmas 2.21 and 9.5. 

The hypergeometric integral defines linear functionals I{W, •) on the functional space of a fiber. 
Lemma 9.5 means that these linear functionals can be considered as elements of the top homology group 
He{z) , the dual space to the top cohomology group of the de Rham complex of the discrete local system 
of the fiber. 

Proof of Theorem 5.18. The section s^^ is defined by 

s^(z) = I{WU,-) 

where W\z denotes the restriction of the function W{t, z) to the fiber over z . The theorem is a direct 
corollary of the periodicity of the function W with respect to each of the variables zi, . . . , : 

W{t,Zi,...,Zm+P,---,Zn) = W{t,Zi,...,Zn), m = 1, . . . ,71 , 

cf. the case ^ = 1 in Section 8. □ 

Our further strategy is the same as in the case £ = 1 . First we prove Theorem 6.7 which im- 
plies Theorem 6.4. Using Theorem 6.4 we prove that the hypergeometric pairing / : J-q{z) (8) J^{z) C 
is nondegenerate if < Im p. < 2tx (cf. Theorem 5.14). Studying the asymptotic behaviour of the 
hypergeometric integral as p tends to zero we show that for p = the hypergeometric pairing 
JO. _;r«™5^2) T{z)/TL{z) ^ C is nondegenerate (cf. Theorem 5.15). 

Theorems 2.15 and 2.17 will follow from Theorems 5.14 and 5.15, respectively, and Lemma 9.5. 

Proof of Theorem 6.7. To simplify notations we will give a proof only for the case A; = n, so that 
nm = m, m = l,...,n. The general case is similar. 
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Let € ^[zm', I ] and W^^' € J-'q[zm', I ] be the following functions: 



(0 



(9.6) 



(m) 
(0 



1 ' 1 

ih,...,ti,zm) = TT E [n 



sin(7r/p) ^ rr-r^ cxp(-7^^(z,n -ta)/p) 
Li sin(7rs/p) ii J-^^ sin(7r(ta - - A„)/p) il<7' 



and W[ = W'^l\ * ... * VK/,"' 



(cf. (2.19), (2.26)). We have the equalities 

(Il)"---" '"'(I„) 

Therefore, we have to study the asymptotics of the hyporgoomctric integrals I{W{^Wm) ■ 

Consider the hypcrgcomctric integral I{W[, Wm) ■ Due to property (2.7) all the terms in the definition 
(2.26) of the function Wi give the same contribution to the integral. So we can replace the integrand 
^{t) Wm{t)Wi{t) by the following integrand 



r((t„ -u- i)/p) 



n [„ 



F{t) = TT ^ i\w^{t)eycp{mY,^mZmlp) TT , , \ II I II • / I \ 



sin(7r/p) 



X ]J exp((/i - ■Ki)ta/p) T{{ta -Zm + ^m) / p) r(l - (ia - -^m - A„j)/p) X 



aer„ 



yr T{l-{ta-zi-Ki)/p) ^ r((ta-z;+AO/p) 



1^^<™ - - + AO/P) n{ta -Zl- AO/P) 

where r„ = {1 + V^'^ , • • • , l™} , m = 1, . . . , n . 

Assume that the real parts of the weights Ai , . . . , A„ are negative. If all z\,..., Zn are imaginary, 
then we have 

liWuWrn) = J F{t)dh. 

The analytic continuation of I(Wi, Wm) to the region Re zi < . . . < Re 2;„ is given by 

I{Wuw^) = J F{t)dh 

where 



I 1 X...XI 



{(ii+[m-i,...,t[m) e C'- I Reta = ReZm, l""^ < a < 1™ } 



since the integrand has no poles at the hyperplanes ta = zi — Ai — sp , s e Z , for t™"^ < a ^ [™ , 
m > I , has no poles at the hyperplanes ta = zi + Ai + sp , s G Z , for < a ^ ["* , m < I , and has 

no poles at the hyperplanes ta = h + 1 + sp , s G Z , for a > b . 

Let z ^ oo in A" so that Re(2;TO ~ -^m+i) ^ — oo for all m = 1, . . . , n — 1 . Consider the case I = m. 
Transform the hypergeometric integral I{Wi, W() as above and replace the integrand by its asymptotics 
as z ^ oo in A" . Since 

n 

wi{ti,...,te) = n w^(S(i(— 1+1, •••,*'-") + o(l) 

m=l 

as — ^ cx) in A" and i G I^^ x . . . x , we obtain that 



n 

I{WuWi) = 7r~^£! exp(7r« J2 ^mZm) \\ {{zi - Zm)/p) 



2([iA^ + UAi-(i 



m=l 



TO=i s=i ^ If) J aer^ 

xr((t„-z„ + A„)/p)r(i-(t„-z„-A„)/p) n ^I^t^^^tIt^)'^''"*] (! + «(!))' 
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as — > oo in A" . Here \aTg(^{zi — Zm)/p)\ < tt. Due to (2.7) the integrals over l]:^ are the hyper- 

■M (m) X 



geometric integrals I{Wf!^\,'wiT\) up to simple factors. Hence, we finally obtain that 



i{wum) = n {i^i-^r.)/pf''''-^'-'''-"'-'^'{ ft /K:>[3)+o(i)). 

ll • • • • m * 1^1^ ^ m=l 

The hypergeometric integral I{Wi, Wm) for I ^ m can be treated similarly to the hypergeometric integral 
I{Wi,W() considered above. The final answer is 

HWuWra) = I{Wuwi)o{l), 

which completes the proof if the real parts of the weights Ai, . . . , A„ are negative. 

For general Ai, . . . , A„ the proof is similar. The analytic continuation of I{Wi,Wm) to the region 
Re zi <C . . . <C Re 2;„ is given by 



nWuWm) = J F{t)dh 



where Ij^ is the respective deformation of . On every contour the quantities Re {ta — Zm) 
remain bounded as 2: ^ oo in A" for all a such that l™"^ < a < , and the rest of the proof remains 
the same as before. 

Theorem 6.7 is proved. □ 
Further in the proofs we will make use of the following identities: 



E(ri— ^ n T^)-ris^- 

Proof of formula (5.17). Consider the integral in the left hand side of (5.17) as a function of u and 
denote it by F{u) . We will show that F{u) satisfies a diff'erential equation 

(9.9) {u + u-^)-^F{u) = t{2a+{t-l)x){l-u-^)F{u). 

The right hand side of formula (5.17) solves the same differential equation. Therefore both sides are 
proportional. The proportionality coefiicient equals 1 since, as it is shown below, both sides have the 
same asymptotics as w — > +0 . 

Denote by f{u; Si, . . . , S() the integrand of integral (5.17): 



/(u;si,...,s^) = []u2^'=r(a + Sfc)r(a-Sfe) \[ _ 
fe=i j,k=i ^^^^ 



r(sfe - Sj + x) 

i^k 



so that 

ioo ioQ 

(9.10) F{u)= J ■■■ J f{u;su...,Si)d^s. 

—ioo —ioo 

Differentiating the integral with respect to u and using the identity 



i{a+{e- l)x/2) + 5] .sfe = (a + Sk) [] 

jjtk 
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we obtain that 

(ff^.n^- (f - -1-1/, 

du 



{l{2a l)x) +u-^^) F{u) = 2 ^ 



where 



Fkiu) = ■■■ {a + Sk)Y[— — j' f{u;si,...,se)d^s. 



1 — 1 •' 

-lOO —lOG 



The space {{si, . . . , se) & \ Re Sfe = 1 , Re = , j ^ fc} is homologous to the imaginary space 
in the complement of the poles of the integrand for Fk{u) . Therefore, changing the fc-th integration 
variable Sfe — > Sfe — 1 and using the functional equation for the gamma-function we obtain that 



too toe ^ 

/I ^ . j 

■■■ (a-Sfc)n \.-s — fi'>J';si,...,se)d^s. 

.7 = 1 



-lOO —lOO 



Now the identity 

e f 

- Sk+X 



l{a+{l-l)xl2) - E Sfe = n 



^==1 fc=l j=l 



implies that 

9 F.JaA = ir"^ (f(9.n -I- ('/' - 1 - 11, 

du 



2 ^Jfc(w) = {e{2a + {£ - l)x) - u-^) F{u) , 
fc=i " 



which complete the proof of equality (9.9). 

To compute the asymptotics of the integral (5.17) as w ^ +0 we first suitably transform the integrand. 
Taking identity (9.8) for I = i, jS = exp(27ria;) and yk = exp(27risfe) , A; = 0, . . . , f , we obtain that 

e 

1 = exp(7ri£(^ - l)x/2) JJ^ sin(7r(sfe - a)) x 

fe=i 

^ / -rj cxp(7^^(a - s^,_^ - x)) -j-j- sin(7r(s^, - Sg^ - x)) \ 

^ M sin(^(s., - sg,_, - x)) ^J}^^^ sin(7r(s., - s.^)) J 

where ctq = , sq = a — x . Substitute the right hand side of the identity above into the integral 
(9.10). Since f{u; si, . . . , se) is a symmetric function of the variables si,. . . ,se and the imaginary space 
is invariant under permutations of si, . . . , , we can keep in the integral only one term of the sum, 
multiplying the result by f ! . Taking the term corresponding to the identity permutation we obtain that 



(9.11) Fiu) = J giu;si,...,se)d's 

where 

g{u; si,...,se) = i\ exp('Ki£{£ - l)a;/2) x 

T{a + Sk) exp(7ri(a - Sk-i - x)) ''■^ (sfe - Sj)r{sk - Sj 



X 

k=l 



_ \ T(l + Sk-a) sm(TT(si--i -S1.+X)) r(l + Sk-S4-x) J' 



r(l + Sk-a) sin(7r(sfe-i - Sfe + x)) j-J^ T{1 + Sk - Sj - x) 

Here we use a notation 



' - {(si,...,s,) € I Resfe = y, k = !,...,£}. 



y 



To compute the proportionality coefficient which we are interested in, it suffices to study the asymptotics 
of F{u) as u ^ +0 only for small real x and real a because both sides of formula (5.17) are analytic 
functions of x and a . Moreover, we can assume that u is real. To find the asymptotics of F{u) we 
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deform continuously the integration contour in integral (9.11). Namely, we replace Ig by ly and move 
y from zero to the positive direction. 

Since Re a > and Re x > , there are no obstacles for the deformation of the integration contour 
until y becomes equal to a . At this moment the integration contour touches the singularity hyperplane 
of the integrand given by Si = a . The next intersection of ly with a singularity hyperplane of the 
integrand appears at y = a+1 with the hyperplane si = a + 1 . Therefore, we have 

F{u) = -2m j 'Rss^g{u;si,...,se)(f~^s + j g{u;si, . . . ,si)(f s , 

where < ^ < 1 and 1^"^ = {{s2, ■ ■ ■ ,se) € C^~^ | Re s/j = y , k = 2, ...,(.} . We can estimate the 
second term above as follows, 

g{u]Si,...,se)Ss ^ u°'+^ j si, . . . , Sf)/s . 

In the first term we continue the deformation of the integration contour; we replace I^"-"^ by '^y~^ and 
move y from a to the positive direction. The first obstacle to the deformation appears at y = a + x; &t 
this moment touches the hyperplane S2 = a + x. Repeating the consideration £ times we finally 
obtain the following asymptotics for F{u) as m ^ +0 : 

F{u) = {-2mf Res g{u; si, . . . , se) (l + o(l)) , 
where Res means the residue at the point Sk = a + {k — l)x , k = Calculating the residue 

a<ix 

explicitly we find that 

F{u) = (27ri)^u^(2«+(^-i)-) n ^^^j^r{2a+{k-l)x) (l + o(l)) , 

as w +0 , which clearly coincides with the asymptotics of the right hand side of formula (5.17). This 
means that the proportionality coefficient between F{u) and the right hand side of formula (5.17) equals 
1 . Formula (5.17) is proved. □ 

Proof of Theorem 5.14- The proof is similar to the proof of Theorem 8.33. Since both sides of formula 
(5.14) are analytic functions of Ai, . . . , A„ , it suffices to prove the formula only for real negative Ai, 
. . . , A„ . 

Denote by F{z) the determinant det[/(VF[, w^)] j ^g^„ and by G{z) the right hand side of formula 

(5.14). Since for every [ e the section is a (Vi (8) ... Vn)f-valued solution to the qKZ equation, 
F{z) solves the following system of difference equations, 

(«) 

) = detKm{zi.,...,Zn)F{zi,...,Zn). 

Here det Km{z) stands for the determinant of the operator Km{z) (3.10) acting in the weight subspace 
(Vi (g) . . . (g) Vn)g . Using formula (3.5) we see that 

w 

detKm{zi,...,Zn) 

■ . . , . . tn+e-s-2\ 



_ ^ ■- - I I I I I 

~ ^^AA.^ Zm- l^m- Zl- + S + P ^\ 



n -1 - -"- Zl- Ki + S+p ^f- Zm - -f^m - Zl- Ai + S 

Therefore, the ratio F{z)/G{z) is a p-periodic function of each of the variables zi,. . . ,Zn' 

F F 

'q(,Z\-i ■ ■ ■ , Zm'\' Pi ■ ■ ■ 1 Zn) = 'q{,ZIi ■ ■ ■ , Zn) ■ 
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Theorem 6.4 implies that the ratio F{z)/G(z) tends to 1 as z tends to infinity in the asymptotic zone 
Aid • Hence, this ratio equals 1 identically, which completes the proof. □ 

Proof of Theorem 5.15. The idea of the proof is the same as in the case ^ = 1. Since both sides of 
formula (5.15) are analytic functions of Ai,...,A„ and p, it suffices to prove the formula for large 
negative Ai, . . . , A„ and large negative p . More precisely, we assume that 

n 

(9.12) < 2 E K^/p - l{i - l)/p < 1 . 

m— 1 

We will construct certain bases in the rational and trigonometric hypergeometric spaces of fibers such 
that in these bases the hypergeometric pairing has triangular asymptotics as /i ^ . Using this fact we 
will show that 



(9.13) det[/(W^i,w;„)]j = S 



X ndet[/(#i,w;j)]i,je2^"- (l + o(l)) , 
where < arg/U < tt , j e Z'^~^ is identified with (j, 0) € Z]^ , and S is a constant given by 
(9.14) . = (2,r--) exp(.(E A./.-(-:-) - n/.^^-^-))) x 



\n([ pA,-.)r(-l/p) J n r(l + 2S_A„/P+(» + 2-2r)/.) ). 



Formulae (9.13) and (9.14) imply Theorem 5.15. 

In the proof we use the s[2-module structure in the rational hypergeometric Fock space which was 
defined in Section 4. We define functions W[ , W{ for an arbitrary vector I G Z^q respectively by 
formulae (2.19), (2.26), where we replace (. in the left hand sides by the sum [i + . . . + I„ . Similarly, we 
define functions W[ for arbitrary vector [ S Z"q^ by formula (2.27) replacing there i in the left hand 
side by the sum li + . . . + . 

For any vector I = ([i, . . . , [„) set I' = ([i, . . . , [„_i, 0) and [' = ([i, . . . , I„_i) . 

The required bases in the rational and trigonometric hypergeometric spaces of a fiber are given by 
functions w[, {& Z'^ , and W[ , [ € Z'^ , respectively. The functions w\ are defined by the rule: 

where F is the generator of s[2 acting in the rational hypergeometric Fock space (cf. (4.3)). The 
functions W[ are given by 

^ .SlIIITT/'/l) . , II n 

.) ^ 



-rr / exp(7rz(z„ - ^o)/p) sin(7r(ta - + J^m.)/p) \ 

<a<t - A„)/p) JJ-^^ Sin(7r(ta - Zm- Am)/p) ) 



X 



By Lemmas 2.20, 2.28, for any z G B there are matrices N{z) , N'3{z) such that 

w[{t,z) = J2 Ni^{z)w^{t,z), IGZ^, 

Wlit, Z) = J2 ^iJ^) Wrait, Z), l€Z^. 
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(9.16) Lemma. t-i . 2n 

det N{z) = [] ((s + l)(2A„-s))^ »-i ^ 



s=0 



det7V«(2) = exp^-7r^E^A„/p•^ ^ j + ;r^(n - • ( ^ 1 j . 

Now we study the asymptotics of the hypergeometric pairing as /i ^ . We will consider the total 
family of the hypergeometric pairings / : Tqll] ® ^ C , / = 0, . . . ,^ , not indicating explicitly the 
dependence on I . Recall that we assumed Ai, . . . , A„ to be large negative. 

The first observation is that for any w € , W G the hypergeometric integral I{W,w) 

has a finite limit as /U — > 0, cf. Lemma 5.5. Furthermore, for any w G J^[l — 1] and W G we 
have 

(9.17) I{W,Fw) = 0{n) 

as /i ^ , because F(^J^[l — l]{z)) is the coboundary subspace TZ[l]{z) C J^[l]{z) , cf. (4.4) and Lemma 5.9. 
The asymptotic behaviour of the hypergeometric integral I{W, w) for a general function W is described 
by the following lemma. 

(9.18) Lemma. Let Ai, . . . , A„ be large negative. Assume that condition (9.12) holds. Then for any 
I e 2^ and any w G the hypergeometric integral I{Wl, w) has the following asymptotics as ^ , 
< arg < TT : 

I{W(,w)^E'^i -=1 ' I{Wv.,E'-w){l + oil)). 

Here E is the generator of sl2 acting in the rational hypergeometric Fock space ^ (cf. (4.3)), and 

- = ^£3yT exp(7rzt„(An-(ln-l)/2)/p) J] [ r(-l/p) ^(2 E A»./p + (2tn - 2£ - .)/p) 

To obtain the required formulae (9.13), (9.14), we also need the following lemma. 

(9.19) Lemma. Let /i = . Then for any k, I G Zj-o we have 



/n+l-2\ 

det[l{WuE''F>'w^],^^^^^-. = n ((^ + 1) (2 E A„ - 2/ - s)y ""^ ^ det [/(#,, u;™)], ,^^^. 



k-l „ in+l-2\ 

m=l 



s=0 

Here we identify m G and (m, 0) G Zf' . 

Now we will complete the proof of Theorem 5.15 assuming that Lemmas 9.16, 9.18 and 9.19 hold, 
and then we will prove the lemmas. 

Consider a matrix U with the entries 

= 7(W/,«;„), l,m gZ^. 

Lemmas 4.7, 9.18 and formula (9.17) imply that the asymptotics of the matrix U as /U has a 
block-triangular structure, 

Uim = 0(/'") , for ln>m„, 

and 

?7,™ = 0(m1+^'"), for l„<m„, 

n 

where 6i = l{2i —1—1 — 2 J2 ^m)/p • Therefore, we see that 

m=l 



A .TT ^ "^'^S J fn + £-l-2\ 

detC/ = 0(/z-o ), di=\^ j 
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as /i ^ , where cIq, . . . ,df arc the dimensions of the diagonal blocks. Furthermore, the leading term 
of the asymptotics of det U is given by the product of the determinants of the diagonal blocks, which 
are described by Lemma 9.19. Finally, formula (9.13) follows from the simple relation 



det [l{Wi,w„ 



detU 



1 [.me^? 



det N det Ni 



and straightforward calculations. 

Proof of Lemma 9.16. The formula for det A'^ is a corollary of Lemma 4.7. 

To prove the formula for det A'^'' , consider the points t/^'' e defined below: 



□ 



^m-A„ + r-a, r-'<a^r, a=l,...,i. 

Recall that ["* = li + ... + [„ , m = 1, . . . , n . Let L and L' be matrices with entries 

respectively. The matrices L and L' are triangular with respect to the following lexicographical order 

in 2^" : ( < m if li < trii or [i = mi , b < m2 etc. Namely, Lim = and L[^^ = for 1 < m. Since 
i([ = exp(7ri l)/2 — Am)/p) L|[ and = L' L^^ , the formula for det A^' is proved. □ 

Proof of Lemma 9.19. By Theorem 4.7 the rational hypergeometric module is isomorphic to (Vi (8) . . . (g) 
Vn)*. We also have I{W,Fw) = for any w G J^[l - 1] and W G J^g'^^^H] . Therefore, the coefficient 

of proportionality equals the determinant of the operator E'^F'' acting in the quotient space ((Vi (8) 
. . . (g) Vn)*)i/ F{{Vi (g) . . . (g) Vn)*)i-i . This operator is isomorphic to the operator E^F^ acting in 
the space of singular vectors [Vi ® . . . ® Vn)i^"^ . The last operator is simply the multiplication by 



n ((^ + 1) (2 E - 2i - s)) in the space of dimension I r, ] ■ lemma is proved. 

s=0 ™=1 



n-2 



a 



Proof of Lemma 9.18. First we will give another expression for the function which will be more 

convenient for our purpose. 

Taking identities (9.7), (9.8) for /3 = exp(— 27rz/p) and yk = exp{—2Tritk/p), k = we 
transform them respectively to the following form 



Ew. = n 



sin(7rs/p) 
\ sin(7r/p) ^ 



n 



sin(7r(i-,- - tk)/p) 
sin(7r(tj -tk + l)/p) 



[T A exp(7ri(^fc_i - tk + l)/p) 
^ M M<tk-1 -tk + l)/p) - 

( -ui 1N//0 ^^ A ''^P('^*(^" + ^"~*fc)/-P) TT sin(7r(ij - ife)/p) 

where Iq = 2;„ + A„ — 1 . Subsequently using the identities above we replace expression (9.15) for the 
function by the following expression: 

(9.20) W{{tu...,te) = exp(7ril„((l-y/2-A„)/p)) ^ |w^[,(ti, . . . ,i,_(J x 



n (- 

, . A SI 



exp(«(Ci-t:. + l)/p) 



n 



Sin(7r(ta - Zm+ ^m)/p) 



e-i„<a^e sin(7r(i;_i -t'^ + l)/p) sin{Tr{ta -Zm- Am)/p) ^ 

where t'^ = ta for £ — („ < a ^ £ and = 2;„ + A„ — 1 . 
Consider the hypergeometric integral I{W[, iv) , 



I{W(,w) = j ^{t)w{t)Wl{t) dh . 
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The imaginary space is invariant under permutations of the variables ti, . . . ,t£ . By property (2.7) of 
function , we can keep in the integral only the term of the sum in the right hand side of (9.20) that 
corresponds to the identity permutation, multiplying the result hy £\ . Hence, 

(9.21) IiW(,w) = j F{t) dh, 
where " 

F{ti, . . . ,ti) — — — — — exp(7ril„ ((1 - I„)/2 - A„) /p)) $(ii, ...,te) w{ti ,...,te)Wi<.{ti,..., te-ij x 

(.t hi)- 

^ Y\ "fi + TT exp(7ri(^;,_i -t; + l)/p) 

i-i}<i^e ii -'m- Am)/P) ,_,}}^^, sin(7r(tUi -t'a + m ' 

with the same convention for the variables t'g_^^, . . . ,t'g as in (9.20). 

Consider the asymptotics of the integrand F{t) for large t . Namely, assume that 

(9.22) ta = i{xa - Aua) , Im Ma = Im Xo = , a =!,...,£, 

and A — !■ +00 . From the Stirling formula we find that F{t) decays exponentially for any u= (ui, . . . , 
ue) which does not belong to the cone 

{w e I = ui = . . . = ue-i^ < w^-[„+i < . . . < u^} . 
The decay takes place for any n including = . On the contrary, if u belongs to the cone 

(9.23) {u e I = Ml = . . . = Ui-i^ < ue-i^+i < ... <ue}, 

then the asymptotics of F{t) depends essentially on whether fx equals zero or not. If /x ^ 0, then F{t) 

t 

decays exponentially due to the factor exp(^ ^ ta/p) and integral (9.21) converges. If = , then 

a=l 

F{t) grows like a positive power of A and integral (9.21) diverges. 

So the leading term of the asymptotics of the hypergeometric integral /(W/, w) as /i ^ is given 
by the integral of the asymptotics of the integrand F{t) for large t in the cone (9.23) (the justification 
of this fact is given below). Explicitly computing the asymptotics of F{t) for large t, we obtain that 

F{h,...,te) = ^ f''. ' exp(7ra„((l-l„)/2 + 2(€-[„)+A„-2E A„)/p) x 

\" hi)- m=l 

X ^[e_i^]{ti, . . . ,U-iJ{E^"w){ti, . . . ,te-iJWi'.{ti, . . . ,te-ij x 

„ 2 A^/p-2{i-l„)/p-l -r-r ^ ^ -2/0 / 

X n exp(MWp)(wp) n {{ta-h)/p) ^^"{i+oii)), 

as A ^ +00 and ti,...,te are described by (9.22). Here the function $[;](ti, . . . ,t;) is defined by 
formula (2.5) where £ is replaced by I . 

Denote by G{t) the right hand side of the above formula without the factor 1 + o(l) . Thus we have 

(9.24) I{W'l,w) = [ G{t) dh {1 + o{l)) , 



as /i ^ , where l"^" = {{ti-i^+i, . . . ,ti \ Re t^, ^ , Im ta = , £ — In < a ^ £} . The integral 

with respect to the variables ti,. . . ,te-i^ clearly gives I{Wii,E^"w) . The integral with respect to the 
variables . . . , can be calculated explicitly via the Selberg integral and we obtain formula 

(9.18). 
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The asymptotics (9.24) can be justified in a standard way. The main idea is the same as in the 
one-dimensional case, cf. Lemma 8.37. We explain the details for the example n = 1 , t = 2. The 
general case is similar. 

To make formulae shorter we change notations and consider the following integral 

J{a) = J F{s-i,S2)exp[-a{si +2s2)) dsids2 , 

T{a + isi) T{b + is2) T{c + isi+is2) exp(7r(si + S2 + m + 26)) 



F{S1,S2) 



r(l - a + isi) r(— 6 + 182) r(l - c + isi + is2) 4 sinh(7r(si + ia)) sinh(7r(s2 + ib)) 
Our assumptions mean that parameters a, b, c are small positive numbers such that 

< a + b + c < 1/2. 

For si = Aui , S2 = Au2 and A — > +00 the function F{si,S2) has the following asymptotics: 

S2) = 4"-' 4'' (■'^1 + «2)''-' (1 + 0(1)) 

if Ui > and U2 > , and -F(si, S2) decays exponentially if either ui ^ or M2 ^ . We have to show 
that 

(9.25) J{a) = j sf"^sf (si + 82)^'="^ exp(-a(si +2s2))c;sids2 (1 + 0(1)) 

as a ^ , Re a > , 

Fix a small positive number e and decompose into four parts: 

Ql(e) = {('Ul,'U2) e I Ul > , U2>0, U\'^£U2, U2^£U\}, 
Q2{s) = {{UX,U2) e I «1 > \U2\/£} , 

Qs{e) = {(ui,U2) e I M2 > \ui\/e} 

and Qi{e) is the closure of \ {Qi{e) U Q2{£) U Q^i^)) ■ The respective decomposition of the integral 
J(a) is 

J(a) = j sf-^sf (si+S2)^'"^exp(-Q;(si+2s2))dsids2 + 

+ j (F(si,S2)-s?"-isf (si+S2)^^"^) exp(-a(si+2s2))dsids2 + 

{ J ^ j j )F{si,S2)exp{-a{si+2s2))dsids2. 
Q2(e) Q3(e) Q4(£) 

The first integral equals 

^-2(a+6+c) j ^2a-l ^2fc ^ ^^^2c-l exp(-Si - 2S2)) dsi dS2 , 
Qi(e) 

the second and fifth integrals have finite limits as a ^ , the third and fourth integrals can be respec- 
tively estimated from above by 



+00 

Al£26+l„-2(a+6+c) J ^2(a+6+c)-l e^p(_^^) 
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and 

+00 







as a — > , where the constants Ai, A2 do not depend on e . The estimates can be obtained by means 
of Lemma 8.42. Therefore, 



lim^(a2(''+^+^) J(a)) - J s?""^ (si + sa)^^"^ exp(-si - 2s2)) rfsi rfsa 



Qi(£) 

Moving s to zero we see that 

J{a) = a-2(°+''+'=) J sl"-^ sf (si + 52)'""' exp(-si - 2s2)) dsi ds2 (l + o(l)) , 

which coincides with (9.25). 

Lemma 9.18 is proved. □ 

Proof of Theorem 7.8. Let /i be a positive number. Consider the hypergeometric integral 

I{WuWm) = j ^{t,z)Wm{t,z)m{t,z)dH, 

It 

where we substitute into formulae (2.5), (2.19), (2.27), defining the functions Wm, Wi , a new parameter 
7] and new coordinates yi, . . . , : 

IJ. = hr], Zm=ym/h, m = l,...,n. 

We study the quasiclassical asymptotics of the hypergeometric integral I{Wi, Wm) as /i ^ +0 while the 
parameter rj and the coordinates . . . , ?/„ remain fixed. 

For any [ € consider a region tj( and a domain 1LJ( in the imaginary subspace given by 

1&[ = { u e I Im < Im Wi+[m-i < . . . < Im U[m < Im Um+i , m = l,...,n— 1}, 

di^{uef\ Im y„ ^ Im Ua ^ Im , < a l" , m = 1, . . . , n - 1} . 

Recall that [™ = [1 + . . . + l,„ . 

Let S' C be the following subgroup isomorphic to S'^ x . . . x S'" : 

S' = {aeS^ I r-i<o-a^r for r-i<a^r, m = l,...,n}. 

Set lf!j[ = { u e I (uo-i ,...,Uai) etSi for some cr e S'} . 

The imaginary subspace is invariant under permutations of the variables ti, . . . ,ti . Using property 
(2.7) of function $(<) we see that 

(9.26) I{Wi,Wrn)=£l j <^{t,z)w^{t,z)Wi{t,z) dh, 

where 

Wi{ti, ...,tt,Zi,...,Z„) = TT TT — - — -- sin(7r(2;„ - Am - Zm+l - Am+l + s- l)/p) X 

m— 1 5—1 

X 



n n ( sin(7r(t„ 
71=1 aer,n ^ ^ 



Zm - ^m)/v) Sin(7r(ia - Zm+l - I^m+l) I V) 



T-r sin(7r(^a - zi+ Ai)/p) \ 
Ji„ sin(7r(i„ -zi- Ai)/p) ) 
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and Tm = {r-i + l,...,r}, m = 

The factors of the above integrand have the following quasiclassical asymptotics as h ^ +0 while 
the parameter r] , the coordinates yi,. . ■ ,yn and the variables Ua = hta , a = 1, . . . ,i , remain fixed: 



^u/h,ylh) = h $(u,y)(l + o(l)) 

Wm{u/h,y/h) = h^w{u,h){l+o{l)) , 



Wi{u/h,y/h) 



n—1 Im ' { I \ 

n (exp(.^(2 E A„(£- r-) - U(U - l)/2)/p) J] (l 



for u G Hi and Wi{u/h,y/h) = o(l) for u ^ 1LJ[ . Here the functions y) and Wmiu,y) arc given 
by formulae (7.3) and (7.5), respectively. 

The quasiclassical asymptotics of the integral (9.26) is given by the integral of the quasiclassical 
asymptotics of the integrand, that is 

(9.27) I{WuiVra) = n (exp(7rz(2 E A„(f - r'^) - U(U - l)/2)/p) [] f I ) x 

m=i ™=i s=i sin(7rs/pj / 

X j ^{u,y)w{u,y)d^u{l + o{l)) . 

Taking into account that 

j i{u,y)w{u,y)d'u = [] (exp(7ri U(l - U)/(2p)) [] ) f ^u,y)w{u,y)d'u 

where U[ is given by (7.7), wc obtain formula (7.8). 

Formula (9.27) can be justified in a standard way, similar to the proof of formula (9.25). 

Theorem 7.8 is proved. □ 
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Abstract. The rational quantized Knizhnik-Zamolodehikov (qKZ) eqiiation associated with the 
Lie algebra SI2 is a system of linear difference equations with values in a tensor product of sl2 
Verma modules. We solve the equation in terms of multidimensional gi-hypergeometric functions 
and define a natural isomorphism of the space of solutions and the tensor product of the corre- 
sponding quantum group Uq{sl2) Verma modules where the parameter q is related to the step p 
of the qKZ equation via q = e^'^lf . 

We construct asymptotic solutions associated with suitable asymptotic zones and compute the 
transition functions between the asymptotic solutions in terms of the trigonometric i?-matrices. 
This description of the transition functions gives a new connection between representation theories 
of Yangians and quantum loop algebras and is analogous to the Kohno-Drinfeld theorem on the 
monodromy group of the differential KZ equation. 

In order to establish these results we construct a discrete Gauss-Manin connection, in particular, 
a suitable discrete local system, discrete homology and cohomology groups with coefficients in this 
local system, and identify an associated difference equation with the qKZ equation. 



